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PREFACE. 



Those who arc conversEint with the preparation of ele- 
mentary text-books, have experienced the difficulty of 
adapting; them to the various wants which they are in- 
tended to supply. 

The institutions of education are of all srades, from the 
college to the district school, and although there is a wide 
difference between the extremes, the level, in passing 
from one grade to the other, is scarcely broken, 

Each of these classes of seminaries requires text-books 
adapted to its own peculiar wants ; and if each held its 
proper place in its own class, the task of supplying suit- 
able works would not be difficult. 

An indifferent college is generally inferior in the system 
and scope of its instruction to the academy or high school; 
while the district school is often found to be superior to 
its neighboring academy. 

The- Geometry of Legendre, embracing a complete 
coiurse of Geometrical science, is all tlial is desired in the 
colleges and higher seminaries ; while the Practical Ge- 
ometry, published a few years since, meets the wants of 
those schools which are strictly elementary in their sys 
teme trf instruction. 
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b PEEFACE. 

But still a large class of seminaries remained unsuji- 
plicd with a suitable text-book on Geometry : viz., those 
where the pupils are carried beyond the acquisition of 
facts and mere practical knowledge, but have not time to 
go tlirough with a full course of mathematical studies 

It is for such, that the following work is designed. It 
has been the aim of the author to present the striking 
and important truths of Geometry in a form more simple 
and concise than could be adopted in a complete treatise, 
and yet to preserve the exactness of rigorous reasoning. 

In this system of Geometry nothing has been taken for 
granted, and nothing passed over without being fuhy de- 
monstrated. 

In order, however, to render the applications of Ge- 
ometry to the mensuration of surfaces and solids complete 
in itself, a few rules have been given which are not de- 
monstrated. This forms an exception to the general plan 
of the work, but being added in the form of an appendix, it 
does not materially break its unity. 

That the work may be useful in advancing the interests 
of education, is the hope and ardent wish of the author. 

ApHl, ISll, 
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DEFINITIONS AND RBMARK3, 

1. A Line is lenglli without breadtli or thickness, 
a. The Eictremilies of a Line are called points ; and any 
placo between the extremities is also called a point. 

3. A Straight Line is the shortest dis- 
tance between two points. Thus AB is a jj /j 

straight line, and is the shortest distance 

from A lo B. 

4. A Curae Line is one which changes ^ 

its direction at every poicit. Thus, j4.BC ^ ~~-,q 

is a curve line. 

5. The word Lini u^ed by li elf, mr- mb a 'itr^i^ht line ; 
and the word Curie, means a cur\e hne 

6. A Surface is that which has length ani bre idlh, with 
out height or thickness 

7. A Plane Surface is that which lies ei en throughout its 
whole extent, and with which a straight line, laid in any di- 
rection, will eiictly coincide m its whole lenj,th 

8. A Curved Su>face has length and breadth without thick- 
ness, and hke a curve line is constantly changing its direction. 

9. A Solid or Eodi/ i& that which has length, breadth, and 
thickness. Len^'lh brtjdth and thickn( ss ire tilled dimen- 
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GEOMETRY. 



sions. Hence, a solid has three dimensions, a siirfaoe two, 
and a Ene one. A point has no dimensions, bnt posilioa only. 

10. Geometry treats of lines, surfaces, and solids. 

11. A Demonstration is a course of reasoning" which eatab- 
lishes a truth. 

13. An Hypothesis is a supposition on which a demonstra- 
tion may be founded. 

1 3. A Theorem is something to be proved by demonstration 

14. A Problem is something proposed to be done. 

15. A Proposition is something proposed either to be done 
or demonsti^ated — and may be either a problem or a theorem. 

16. A Corollary is an obvious consequence, deduced from 
something that has gone before. 

17. A Sdioliumia aremark on one or more preceding propo- 



sitions. 

18. An Axi 



^elf evident proposition. 



19. An Angle is the opening or inclination of two linea 
which meet each other at 

Thus, the lines AC, AB, form an angle }^ 

at the point A. The lines AC, AB are ^^ 
called the sides of the angle ; and the point A ~B 

A, at which they meet, is called tlie vertex of the iitigle. 

An angle is generally read, by placing the letter at the ver- 
tex in the middle. Thus, we say, the angle CAB. We may, 
however, say simply, the angle A. 

20, One line is said to be perpendicular to another when il 
inclines no more to the one side than to the othpr. 
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The two angles foTmed are tlien equal to 
each other. Thus, if the line DB ia per- 
pendicular to AC, tile angle DBA will 
be equal to DBC. 

21. When two lines are perpendicular 
to each other, the angles which they form 
are called right angles. Thus, DBA autl 
DBC are calied right angles. 

23. An acute angle is less than a right 
angle. Thus, DBC is an acme angle. 

33. An obtuse angle is greater than a 
right angle. Thus, DBC is an obtuse 
angle. 

S4. The circumference of a circle is a 
curve line all the' points of which are 
equally distant from a certain point wilhin 
called the centre. 

Thus, if all the points of the curve AEB 
aro equally distant from the centre C, this 
curve will be the circumference of a circli 

25. Any portion of the circumference, 
as AED, is called an arc. 

26. The diameter of a circle is a 
straight line passing through the centre 
and terminating at the circumference. 
Thus, ACB is a diameter. 

27. One half of the circumference, as 
ACB is called a semicircmtference ; and 
one quarter of the circumference, as AC, 
Is called a ijuadrant. 
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28. The ciiciimference of a cii'cle is used for the n 
rnent of angles. For this purpose it is divided into 360 equal 
parts called degrees, each degree into 60 equal parts called 
riinutes, and each minute into 60 equal parts called seconds. 
The degrees, minutes, and seconds are marked thus ° ' '' ; and 
9" 18' 16", are read, 9 degrees 18 minutes and 16 seconds, 

29. Let us suppose the circumference 
of a circle to fae divided into 360 degrees, 
beginning' at the point B. If through 
the point of division marked 40, we draw 
CE, then, the angle ECB will be equal to 
40 degrees. If CF were drawn through 
the point of division marked 80, tlie angle BCF would bo equal 
lo 80 degrees. 




OF LINES, 

30. Two straight lines are said to bo 
parallel, when being produced either way, 
as far as we please, they will not meet 
each other. 

31. Two curves are said to be parallel 
or concentrie, when they are the same dis- 
tance from each other at every point. 

32. Oblique lines are those which ap- 
proach each other, and meet if sufficiently 
produced. 

33. Lines which are parallel to the horii 
level, are called horizontal lines. 

34. Lines which are perpendicular to th 
rvater level, are called vertical linos. 
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D,'fiuition^, 

OF PLANE FIGURES, 

35. A Plane Figure is a portion of a p]ar 
sides by lines, either straight or curved. 

36, If the lines which bount! a figure are straight, the space 
which they inclose is called a rectilineal figure, r>r polygon. 
The lines themselves, taken together, are called the perimeter 
of the polygon. Hence, the perimeter of a polygon is the sum 
of aD its aides. 



37. A polygon of three sides is called 
a triangle. 



38. A polygon of four sides is called 
ft quadrilateral. 



39. A polygon of five sides i: 



40. A polygon of s 




41. A polygt 
43. A polygc 



en sides is called a heptagon. 
It sides is called an octagon. 
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43. A puijgon of nine sides is called a nonagon. 

44. A polygon of ten sides is called a decagon. 

45. A polygon of twelve sides is called a dodecagon. 

46. Ttere are eeveral kinds of triangles. 



First. An equilateral tria 
ts three sides all equal. 



, which lias 



Second. An Isosceles triangle, ' 
two of its sides equal. 



Third. A scalene triangle, whicli li 
three sides all unequal. 



Fourth. A rigtl angled triangle, which 
has one riglit angle. 

In the right angled triangle. ^BC, the 
right angle, is called 





side AG, opposite tl 
the hypotheause. 

47. The base of a triangle is the side ou 
which it stands. Thus, AB is the base of 
the triangle ACB. 

The altitude of a triangle is a line drawn / 
from the angle opposite the base and por-^ 
pendiciilar to the base. Thus, CD is the altitude of the tri- 
angle A CB. 
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several kinds of qiiadrilalerals. 



First. The square, "which has all it3 sides 
equal, and all its angles riglit angles. 



Second. The rectangle, the opposite sides 
of which are parallel and its angles right 
angles. 



Tliird. The parallelogram, which has its 
opposite sides parallel, but its angles not 
right angles. ; 

Fourth. The rhoinhus, which has all its 
siiles equal, and the opposite sides parallel, 
without having its angles right angles. 



r 



„\ 



Fifth. The trapezoid, which has only 
two of its sides parallel. 

49. The base of a figure is the side on / 
which it stands, and the altitude is a line-* 
drawn frorn the opposite side, or angle, perpendicular to the 
base. Thus, AB is the base and CD is the altitude of the 
trapezoid. 



60. A diagonal is a line joining the 
A B iind A C are diagonals. 
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I. Things wliich are equal to the siime tiling ave equal to 
eacli oilier. 

3. If equals be added to equals^, die wholes will be equal. 

3. if equals be taken I'lOiu equals, the lemainders will be 

4. If equals be added to iineqiials, the ivliol«3 will be un- 

5. If equals be taken from imeqiials, the remainders will be 
unequal. 

6. Things which are double of equal things, are equal to 
each other. 

7. Things which are halves of the -same thing, are equal to 
each other. 

8. The whole is greater than any of its parts, 

9. The whole is equal to the suin of all its parts. 

10. All right angles are equal Ei> each other. 

II. Magnitudes, which being a|iplied i.o each other, coin- 
cide throughout iheir whole extent, are equal. 
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PROPERTIES OF POLYGONS. 



EveTy diameter of a circle divides the cir 
equal parts. 

Let ADBE be t!ie circumference of a 
circle, and A.CB a diameter: then will 
the part ADB be equal to the part AEB. 

For, suppose tlie part AEB to be tura- 
ed around AB, until it shall fall on. the 
part ADB. The curve AEB will then 




curve ADB, or else there would 
AEB or ADB, unequally distant 
is contrary to the definition of a 



exactly coincide with the 
he some point in the curve 
fiom the centre C, which 
circTimfeience (Def. 24), Hence the 
equal (Ax. 11), 

Corollary 1. If two lines, AB, DE, 
be drawn through the centre C perpen- 
d la o ea h he each v, II divide the 

c nference o t o eq al parts ; and 
tne e re c rem lere v 1! be divided 
nto the eq al quadra I B DA, AE, 
and EB 

Cor. 2. Hence, a right angle, as DCB, is measured by one 
quadrant, or 90 degrees; two right angles by a semicircumfer- 
ence, or 180 degrees ; and four right angles by the whole cic- 
cumferonce, or 3S0 degrees 
2* 
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THEOREM !!■ 
If one straight line meet another straight line, the 
two adjacent angles imll he equal to two right a; 

Let the straight line CD meet the 
straight line AB, at the' point C ; then 
will the angle HCBphis the angle DCA 
be equal to two right angles. 

About the centre C, with any radius as CB, suppose a 
semi circumference to be described. Then, the angle DCB 
■will be measTired by the arc BD, and the angle DCA by the 
arc AD. But the sum of the two arcs is equal to a semicir- 
■cumferenee : hence, the sum of the two angles is equal to two 
right angles (Th. i, Cor. 2). 

Cor. I. If one of the angles 
is a right angle, the other angle, 
will also be a right angle. 

Cor. 2. Hence, all the angles 
can be formed at any point C, by any 
number of lines, CD, CE, CF, &c., 
drawn on the same side of AB, will be 
equal to two right angles ; for, they will 
be measured by the semicircnmference 
AFEDB. 

Cor. 3. Hence also, all tho angles 
which can be formed round any point, as 
C, tvJH be equal to four right angles. For, 
the sum of all the arcs which measure 
them, will be equal to the entire circum- 
ference, which is the measure of four r 
Cor. 2). 



sDCB, 
, DCA 



i wliicli 
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straight lines intersect each other, the opposite o 



tical angles which they fort 



■e equal. 



Let the two straight lines AB and 
CD intersect each other at the point 
E : then will the opposite angle AE C 
be equal to DEB, and AED= CEB. 

For, since the line AE meets the 
line CD, the angle AEC+AED=i ta two right angles. But 
since the line DE meets the line AB, wo have DEB-^AEBt= 
two right angles. Taking away from these equals the com- 
mon angle AED, and there will remain the angle AEC equal 
to the angle DEB (Ax. 3). 

In the same manner we may prove that the angle AED is 
equal to the angle CEB. 



THEOREM IV. 

If two triangles have two sides and the included angle of ike 
one, equal to two sides and the included angle of the other, each 
to each, the too triangles mil be equal. 

Let the triangles ABC and DEF p p 

. have the aide A C equal to DF, CB 
to FE, and the angle O equal to tie 
angle F: then will the triangle ACB 
be eqnal to the triangle DEF. 

For, suppose tho side AC, of the 
triangle ACB, to be placed on DF, 




shall fall on the extremity F: then, since the sides 
A will fall on D. 

flut since the angle C is equal to the angle F, th 



B D 

that the extremity C 



e CB 
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will fall on FE ; and since CB is equal 
to FE, the extremity^ will faO on E; 
and consequently the side AB wiil fall 
on the side DE (Def. 3). Hence, the 
two tnanglf's will fill the same space, 
and consequently are equal (Ax 11,). ^ 

Scholium Two tiitngle*. aie said to he equal, when being 
applied to each othei, they will exactly coincide (Ax. 11). 
Heni.e,e5M0? triangles h-ne their like parts equal, each to each, 
since those parts coincide with each other. The converse of 
the proposition is also true, namely, that two triangles which have 
(til the parts of the one equal to the corresponding parts of the 
ether, each to each, are equal : foi if applied to each other, the 
equal parts will coincide. 



THEOREM V. 
If two triangles have two angles and the included sids of the 
one, equal to two angles and the included side of the other, each to 
tack, the two triangles mil be equal. 

Let the two triangles ABC and 
DEF have the angle A equal to the 
angle D, the angle B equal to the 
angle E, and the included side AB 
equal to the included aide DE i then 

will the triangle ABC be equal to the j^ j j^— 

triangle DEF, 

For, let the side AB be placed on the side DE, the extrem- 
ity A on the extremity D ; and since the sides are equal, the 
point B will fall on the point E, 

Then, since the angle A is eqnal to the angle D, the sidp 
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AC will take tke directioil DF : and since the angle B is 
equal to the angle E, the sido BC will fall on the side EF; 
hence, the point C will be found at the same time on DF and 
EF, and therefore will fall at the intersection F; consequently, 
all the parts of the triangle ABC will coincide with the parts 
of the triangle DEF, and therefore, the two triangles are equal, 

THEOREM VI. 

In im iioseeles triangle the angles opposite the equal sides are 
equal to each, other. 

Let ABC be an isosceles triangle, hav- 
ing tlie side J.C ec[ual to the sido CB : 
then will the angle A be equal to the an- 
gle-S. 

For, suppose the liae CD to be drawn dividing the angle C 
■nlo two equal parts. 

Then, the two triangles ACD and DCB, have two sides and 
the included angle of the one equal to two sides and the in- 
cluded angle of the other, each to each ; that is, the side AC 
equal to BC, the side CD common, and the included angle 
ACD equal to tke included angle DCB : hence the two trian- 
gles aro equal (Th. iv) ; and hence the angle A is equal to 
the angle B. 

Cor. 1 . Hence, the line which bisects the vertical angle of 
an isosceles triangle, bisects the base. It is also perpendicu- 
lar to the base, since the angle CDA is equal to the angle 
CDB. 

Cor. 2. Hence, also, every equilateral triangle, must also 
oe equiangular: that is, hare aO its angles eqiml, each to each. 
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Conversely. — If a triangle has two of its angles equal, the 
sidus opposite those angks vnll also he equal. 

Ill the triangle ABC, let the angle Abe ^ 

equal to the angle B : then, will the side 
BC he equal to the aide AC. 

For, if tlie two sides are not equal, one 
of them must be greater than the other. 
Suppose AC to be the greater side. Then 
take a part ^K equal lo SC. 

Now, in the two triangles ADB and ABC, wo have the 
side AD—BC, by hypothesis, the side AB common, and the 
angle A equal to the angle B: hence the two triangles have 
two sides and the included angle of the one equal to two sides 
and the included angle of the other, each to each : hence, the 
two triangles are equal (Th. iv), that is, a part ADB is 
equal to the whole ABC, which is impossible (Ax. 8) : conse- 
quently, the Bide A C cannot be greater than the side CB, and 
hence, the triangle is isosceles. 

Seholium, 1. The method of reasoning pursued in tho last 
theorem, is called the " reductio ad absurdum," or a proof that 
leads to a known absurdity. 

Let us analyze this method of reasoning. Wo wished to 
prove that the two sides AC, CB were equal. We supposed 
them unequal, and AC the greater — that was an hypothesis 
(See Def. 13). We then reasoned on the hypothesis, and 
proved a part equal to the whole, which we know to be false 
(Ax. 8). Hence, we conclude that the hypothesis is untrue 
because after a correct chain of reasoning it leads to a resi 
which we know to bo absurd. 
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'ichohum 2 Geneiallj — If the demonstiation is b7SLd on 
known principles previrasly proved or adiniited n the a-v 
loms the conclusion mli always be true But if the demon 
stration i& lased on anh)pothesis, (asm the li^t theorem, that 
4.C \MLi the gioalei aide} and the conclusion is contrary to 
uliT. las been previoualj proved, or admitted in. the axioms, 
then It fillows that the hjpothesis cannot be tiue. 

The toimer is called a positive, and the latter a negative 
demonstration 

THEOREM VIII. 

If tu.0 t angka la e lie three sides of the one equal to the 
three sides of the other, each to each, the three angles mil also be 
equal, each to each. 

Let the two triangles ABC, ABD, 
have the side AB equal to the side AB, 
the side AC equal to AD, and the side 
CB equal to DB : then will the corres- 
ponding angles also be equal, viz ; the 
angle A will be equal to the angle A, the 
angle B 10 the angle J5, and the angle C 
to the angle D. 

For, suppose the triangles to be joined 
by their longest equal sides AB, and the 
line CD to be drawn. 

Then, since the side AC is equal to AD, by hypothesis, the 
triangle AOC will be isosceles; and therefore, the angle ACS 
will be equal to the angle ADC (Th. vi). In like manner 
in the triangle CBD, the side CB is equal to DB : hence, the 
angle BCD is equal to the angle BDC. 

Now, by the addition of equals, we have 



dhy Google 



GE O ME TB 



Of Tri 



aCD+BCD^ADC+BDC 
tliat is, the angle ACB=ADB. 

Now, The two triangles A CB svA ADB A< 
have two sides and the included angle of 
the one equal to two sides and the in- 
cluded angle of the other, each to each: hence, the remaining 
angles will be equal (Th. iv) ; consequently, the angle CAB 
is equal to BAD, and the angle CBA to the angle ABD. 

Sck. The angles of the two triangles which are equal to 
each other, are those which lie opposite the equal sides. 



THEOaEM IX. 

If one side of a triangle is produced, the outward angle la 

greater than either of the inviard opposite angles. 

Let ABC be a triangle, having the side c F 

AB produced to D : then will the outward /■ \e.---'jZ 

angle CBD bo greater than either of the /■■-''' \/ j 
inward opposite angles A or C. ^G 

For, suppose the side CB to be bisected at tte point E. 
Draw AE, and produce it until EF is equal to AE, and then 
drawBf'.' ' 

Now, since the two triangles J.£C and BEFhNeAE=: 
EF and EC=EB, and the included angle AEC equal to the 
included angle BEF {Th. iii), the two triangles wiE be equal 
in all respects {Th. iv} : hence, the angle EBF will be equal 
to the angle C. But the angle CBD is greater than the angle 
CBF, consequently it is greater than the angle C. 

In Hko manner, if CB be produced to G, and AB be bi- 
seeled, it may be proved that the outward angle ABG, or its 
equal CBD (Th. iii), is greater than the angle A, 
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The sum of any two sides of a triangle is greater than the 
third side. 

Let ABC be a triangle : then will the 
Bum of two of its Bides, as AC, CB, be y\^ 

greater than the third side AB. y^ x 

For, the straight line AB is the short- 
est distance between the two points A and B (Def 3) ; hence, 
AC+CB is greater than AB. 

THEOREM XI. 

The greater side of every triangle is opposite the greater angle. 

and conversely, the greater angle is opposite the greats side. 

First. In the triangle CAB, let the an- . 
gle C be greater than tte angle B : then, 
will the side AB be greater than flie side 
AC. 

For, draw CD, making the angle BCD 
equal to the angle B. Then, the tiiangle CBD will be 
isosceles: hence, the side CD^^DB (Th. vi). 

But, by the last theorem ACisless thamlD + CD; that 
is, less than AD-{-DB, and consequently less than AB. 

Secondly. Let lis suppose the side AB to be greater than 
AC ; then will the angle C he greater than the angie B. 

For, if the angle C were equal to B, the triangle CAB 
would be isosceles, and the side AC would be equal to AB 
(Th. vi), which would be contrary to the hypothesis. 

Again, if the angle C were less than B, then, by the first 
part of the theorem, the side AB would be less than A C. 
which is also contrary to ilie hypothesis Hence, since C 
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I! be equal to B, nor less tiiaji B, it follows tliat it iiiust 



straight line intersect two parallel lim 
mill Le equal. 



, the altemaie angles 



If two parallel straight lines, AB CD, 
are intersected by a third line- GH, tho j^ / 

angles AEF and EFT) are called alternate ^ J^..^^^^B 
angles. It is required to prove that tkese C / h' I) 

angles are equal. 

If they are unequal one of ibem must be greater than the 
other. Supposa MFD to be the greater angle. 

Now conceive FB lo be drawn, making the angle EFB 
equal to tlie angle AEF, and meeting AB in B. 

Then, in the triangle FEB the outwajd angle FEA is greater 
than either of the inward angles B or EFB (Th. ix.) ; and 
therefore, BFB can aever be equal to ^£i^solongasfi? meets 
£5. 

But since we have supposed BFD to be greater than AEF, 
it follows that EFB could not be equal to AEF, if FB fell be- 
low FD. 'I'herefore, if the angle FFB is equal to the angle 
AEF, FB cannot meet AB, nor fall below FD, and conse- 
quently must coincide with the parallel Ci* (Def. 30): and 
hence, the alternate angles AEF and EFD are eqJial. 



Cor. If a line be perpendicular to one 
of two parallel lines, it will also be per- 
pendicular to tie other. 



dhy Google 



THEOEEM XIII. 

Coaverselj", — If a line intmsect two straight lines, making 
alternate angles equal, those straight lines viillheparallel. 

Let the line EF meet the lines AB, 

CD, malting the angle AEF equal to ihe e/ 

angle EFD: then will the lines AB and "^ 
CD be parallel. 

For, if they are not parallel, suppose 
*ilirough the point F the line FG to be drawn parallel t< 

Then, because of the parallels AB, FG, the alternate angles, 
AEF and EFG will be equal (Th. xii). But, by hypothesis, 
the anglp AEF is equal to EFD : hence, the angle EFD is 
equal to the angle EFG (Ax. 1) ; that is, a part is equal to the 
whole, \^hicli is absurd. (Ax. S) : therefore no line but CD can 
be parallel to AB. 

Cor. If two lines are perijendiciilai' to 
the same line, they will be parallel to 
each other. 



THEOEEM XIV. 

If a line cut two parallel lines, tJie o. 
tJte inward opposite angle on the same side; and the tivo inward 
angles, on the same side, are equal to two right angles. 

Let the line EF cut th« two parallels 
AB, CD : then will the outward angle / 

EGB he equal to the inward opposite an- ,4 / B 

nle EHD ; and the two inward angles, C—y'^ j, 

BGH and GHD, will be equal to two ^' 
right angles. 



dhy Google 



GEOMETRY. 



Of Pa 



e! Lir 



First. Since the lines AB, CD, are parallel, the angle AGB 
is equal lo the alternate angle GIID E 

(Th. xii); but the angle AGH is equal ^;— — ~^^ — ~b 

to the opposite angle EGB: hence, the ^ ,/ ■ — — 

angle EGB is eqiml to the angle EIID / 
(Ax. 1). 

Secondly. Since the two adjacent angles EGB and 5Gi? 
are equal to two right angles (Th. ii) ; and since the angle 
EGB has been proved equal to EHD, it follows that the sum 
of BGH plus GHD, is also equal to two right angles. 

Cor. 1. Conversely, if one straight line meets two other 
straight lines, making the angles on the same side equal to 
each other, those lines will be parallel. 

Cor. 3. If a line intersect two other lines, maidng the sum 
of the two inward angles equal to two right angles, tliose two 
lines will be parallel. 

Cor. 3. If a line intersect two other lines^ making the sum 
of the two inward angles less than two right angles, those 
lines will not be parallel, but will meet if sufficiently produced. 



THEOREM XV. 



All straight lines wido, 



Let the lines AB and CD be each par- 
allel to EF: then will they bo parallel 
(0 each other. 

For, let the line GI be drawn perpen- 
dicular to EF: then will it also be pov- 
peni-Iiciilar to the pafjiljols AB, CD (Th. 
xii Cor.). 
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Then, since the lines AB and CD are perpendicular to the 
line GI, they will be parallel to each other (Th. xiii. Cor). 

THEOREM XVI. 
If one side of a triangle he produced, ike outward angle null he 
equal to the sum of the inward opposite angles. 
In the triangle ABC, let the side AB ^ 

be produced to D : then will the outward 
angle CBD be equal to the suns of the in- 
ward opposite angles A and C. j 
3 the line BE to be drawn 



parallel to the side ^C. Then, since BC meets the two pa- 
rallels AC, BE, the alternate angles ACB and CBE will be 
e^ual (Th.xii). 

And suice the line AB cuts the two parallels BE and AC, 
the angles EBD and CAB are equal to each other (Th. xiv). 
Therefore, the inward angles C and A, of the triangle ABC, 
are equal to the angles CBE and EBD ; and consequently, 
the sum of the two angles, A and C, is equal to Ihe outwaid 
angle CBD (Ax. 1). 

THEOREM XYII. 
In, any triangle the sum of the three angles is equal to two rigJit 



Let ABC be any tria 
tlie sum of the three angles 

A+B-\- Cizztwo right angles. 
For, let the side AB be produced 
Then, the outward angle 

CBD=A+C (Th. xvi). 
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To each of these equals add the angle 
CBA, aiid we shall have 

CBD-i-CBA-A+C+B. 

But the sum of the two angles CBD 
and CBA, is equal to two right angles ^ IJ J' 

{T h. ii) : hence 

jl+S+C=two right angles (Ax. I). 

Car. 1. If two angles of one triangle be equal to two angles 
of another triangle, the third angles will also be equal (Ax. 3). 

Cor. 3. If one angle of one triangle be equal to one angle 
of another triangle, the sum of the two remaining angles in 
each triangle, will also be equal (Ax. 3). 

Cor. 3. If one angJe of a triangle be a right angle, the sum 
of the other two angles will be equal to a right angle ; and 
each angle singly, will be acute. 

Cor. 4. No triangle can have more than one right angle, nor 
more tlian one obtuse angle ; otherwise, the sum of the tliree 
angles woidd exceed two right angles : hence, at least two 
angles of every triangle must be acute. 

THEOREM XVI II. 

I. A perpendicular is the shortest line tliat can, he drawn from 
a given point to a given line. 

II. If imy number of lines be drawn from the same point, those 
which are nearest the perpendicular are less than those which are 

more remote. 

A 

Let j1 be 3 given point, and DB a 

straight line. Suppose AB to be diawn 

perpendicular to DE, and suppose the 

oblique lines AC snd AD nlso to be 
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drawn : Then, AB will be shorter than either of the oblique 
lines, and AC will be less than AD. 

First. Since the angle B, in the triangle ACB, is a right 
angle, the angle C will be acute (Th. xvii, Cor. 3) ; and since 
the 3e95 iide of eveiy triangle is opposite the less angle 
(Th. xi), the =n(le AB will be less than AC. 

Secondly Since the angle ACB is acute, the adjacent angle 
ACD will be obtnsp (Th. ii) : consequently, the angle D is 
acMte (Th iiii Coi 3), and therefore less tlian the angle 
ACD. And since the less side of every triangle is opposite 
the less angle, it follows that AC is less than AD. 

Cor. A perpendicular is the shortest distance from a point 



THBOHEM XiX. 

If two ngM angled tnanghb hat e the hypoihenuse and a side 
of the one equal to tlte h/pot/ieii use and a side of the otlier, the 
remaining parts will also he equal, each to each. 

Let the two right angled tnangles . 
ABC and DEF, have the hj-pothe- 
nnsc AC equal to DF, and the side 
AB equal to DE : then ivill the re- _ 
roaining parts be equal, each to each. " 

For, if the side BC is equal to EF, the corresponding an- 
gles of the two triangles will be equal (Th. viii). If the sides 
are unequal, suppose BC to be the greater, and take apart 
BG, equal to EF, and draw AG. 

Then, in the two triangles ABG and DEF, the angle B is 
equal to the angle E, the side AB to the side DE, and the side 
BG to the side EF: heace, the two triangles are equal in aH 
respects (Tli. iv), and consequently, the side AG is equal to 
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Of Pol ygons 

DF. But DF'is, equal to AC, by- 
hypothesis; therefore, AG is equal 
to AC (Ax 1). But this is impos- 
ible {Th. xviii); hence, the sides 
B C and EF cannot be unequal ; c 
sequendy, the triangles are equal (Th. 




i of the four angles of every quadrilateralis equal tofoui 



Let jiCSD be a quadrilateral: then will 

^+^+C+Z)=four right angles. 
Let the diagonal DC be drawn dividing 
the quadrilateral AB, into two triangles, 
BDC, ADC. 

Then, because the sura of the three angles of each triangle 
is equal lo two right angles (Th. xrii), it follows that the sum 
of the angles of both triangles is equal to four right angles. 
But the. sum of the angles of both triangles, make dp the anglea 
of the quadrilateral. Hence, the sum of the four angles of the 
quadrilateral is equal to four right angles. 

Cor. 1. If then three of the angles be right angles, the 
fourth angle will also be a right angle. 

Cor. 2, If the sum of two of the four angles be equal to two 
right angles, the sum of the remaining two will also be equal 
to two right angles. 



TIJEOEEM XXI. 



Tlw ,wm of all iiie interk 
twice as many right angles 



angles of any polygon is equal to 
wanting fofir, as the figure has 
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Let ABCDE be any polygon: then will 
the sum of its inward angles 

A-\-B+C+D-\-E I. 

be equal to twice as' many right angles, 
wanting four, as the figure has sides. 

For, from any point P, within the poly- 
gon, draw tlie lines PA, PB, PC, PD, PE, to each of the 
angles, dividing the polygon into as many triangles as the 
figure has sides. 

Now, the sum of the three angles of each of these triangles 
is equal to two right angles (Th. xvii) ; hence, the sum of the 
angles of all the triangles is equal to twice as many right an- 
gles as tlie figure lias sides. 

But the Bum of all the angles about the point P is equal to 
four right angles (Th. ii. Cor. 3) ; and since this sum makes 
no part of the inward angles of the polygon, it must be sub- 
tracted from the sura of ail the angles of the triangles, before 
found. Hence, the sum of the interiw angles of the polygon 
is equal to tmce asmany right angles, loantingfour, as tlis figure 
has sides, 

ScL Tilts proposition is not applicable 
to jmlygons which have re-entrant angles. 

The reasoning is limited' to polygons 
with salient angles, which, may properly 
be named convex polygons. 

THEOREM XXII. 

If every side of a polygon he produced out, the sum of all tJte o 

ward angles thereby formed, will be equal to four right angles 
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Of Polygons. 

Let A, B, C, D, and E, be the outward 

angles of a polygon formed by producing 

all the sides. Then will 

^+£+C+I3+i;=four right angles. 

For, each interior angle, plus its exte- 




rior angle, as A+a, 
angles {Th. ii). But there 
angles, and as many of each 
lience, the sum of all the int 
equal to twice as many right 
But the sum of all the intei 
angles, is equal to twice 



two right 

i as many exterior as interior 

there are sides of the polygon : 

or and exterior angles will be 

angles as the polygon has sides. 

:ior angles together with four right 

many right angles as the polygon 



has sides (Th. xxi) : that is, equaJ to the sum of all the in- 
ward and outward angles taken together. 

From each of these equal sums take away the inward angles, 
and there will remain, the outward angles equal to four right 
angles (Ax. 3). 



The opposite sides and angles of every parallelogram are equal 
each to each ■ and a diagonal 'livides the parallelogram into tW6 
eq al angl 

Let A.BCD be anj pa allelogiam, and 
DB 1 d atr nal hen -v. \\ 1 e opposite "^ 
s I and no-les be equal to ea h other, 
each o ea h ad lei go al D5 will 
d do he pa ailelo^ m o equal 



ijes 



Po 



■ lefi [ 



llebgrara, the sides 
AD, BC. Now, 
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parallels are cut by the diagonal DB, tlie alternate anglos will 
be equal (I'h. xii) ; tliat is the angle 

ADB=DBC and BDC=ABD. 

Hence, the two triangles ADB, BDC, having two angles in 
the one equal to two angles in the other, will have their third 
angles equal (Tli. xvii. Cor. 1), viz. the angle -4. equal to the 
angle C, aud these are two of the opposite angles of the 
parallelogram. 

Also, if to the equal angles ADB, DBC, we add the equals 
BDC, ABD, the sums will be equal (Ax. 2) : viz. the whole 
angle ADC to the whole angle ABC, and these are the other 
two opposite angles of the parallelogram. 

Again, since the two triangles ADB, DBC, hare the side 
JIJ5 common, and the two adjacent angles in the one equal to 
the two adjacent angles in the other, each to each, tlie two 
triangles will be equal (Th. v) : hence, the diagonal divides 
the parallelogram into two equal triangles. 

Cor. 1. If one angle of a parallelogram be a right angle, 
each of the angles will also be aright angle, and the parallelo- 
gram will he a rectangle. 

Cor. 3. Hence, also, llie sum of either tivo adjacent angles 

of a parallelogram, will he c.^ual to two right angles. 



If the opposite sides of a quadrilaierat, are equal, each to each, 
the equal sides will he parallel, and tfte figure mil be a pa- 
rallelof'Tani 
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Let ABCB be a 
its opposite sides ri 

AB=:CD 
diRD will these sides be parallel, and the 
figure will be a parallelogram. 

For, draw the diagonal BD. Then, the two triangles ABD, 
BDC, have all the sides of the one equal to all the sides of 
the other, each to each : therefore, the two triangles are equal 
(Th. viii) ; hence, the angle ADB, opposite the side AB, is 
equal to the angle DBC opposite the side DC ; therefore, the 
sides AD, BC, are parallel (Th. xiii). For a like reason DC 
is parallel to AB, and the figure ABCD is a parallelogi-am. 



If two opposite sides of a quadrilateral are equal and parallel, 
g sides mil also he equal and parallel, and tk^ figure 



Let ABCD be a quadrilateral, having j^ q 

the sides AB, CD, equal and parallel : /"x / 

then will the figure be a parallelogram. / \^ / 

For, draw the diagonal DB, dividing ^ -^ 

(he quadrilateral into two triangles. Then, 
since AB is parallel to DC, the alternate angles, ABD and 
BDC are equal (Th. sii) : moreover, the side BD is common ; 
hence the two triangles have two aides and the included angle 
of the one, equal to two sides and the included angle of the 
other : the triangles are therefore equal, and consequently, 
AD is equal to BC, and the angle ADB to the angle DBC; 
and consequently, AD is also parallel to BC {Th. xiii) 
Therefore, tlie figure ABCD is a parallelogram. 
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s of a parallelogram divide eadi other into equal 
parts, or mutually bisect each othef 
Let ABCD be a parallelogram, and 
AC, BD its two diagonals intersecting a 
E. Then will 

AE=EC and BE=ED. 
Comparing the two triangles AED and 
BEC, we find the side AD^BC (Tk xxiii), the angle 
ADE=EBC and EAD=ECB ; hence, the two triangles are 
equal (Th. v) : therefore, AE, the side opposite ADE, is 
equal to EC, the side opposite EBC; and ED is equal to EB. 

Sch. In the case of a rhombus (Def. 48), 
die sides AB, BC being equal, the trian- 
gles AEB and BEC have all the sides of 
the one equal to the corresponding sides 
of tlie other, and are therefore equal, ^ 
Whence it follows that the angles AEB 
and BEC are equal. Therefore, the diagonals of 
bisect each other at right angles. 
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OF TilE CIRCLE 



Ye line, all the 
ain point within 



1. The citcumference of a circle i 
points of whicli are equally distant fi'ot 
called the centre. 



2. The circle is the space bounded by this curve line. 

3. Every straight line, CA, CD, CE, drawn 
from the centre to the ciicamference, is 
called a radivs or semidiameier. Every 
line which, like ^5, passes through the 
centre and terminates in the circumfe- 
rence, is called a diameter. 



4. Any portion of tho ( 
IS EFG, is called an are. 



rcumfcrei 



5. A straight line, as EG, joining the-^ 
extremities of an arc, is called a ch(^i. 

6. A segment is the surface or portioa 
of a circle included between an arc and 
its chord. Thus, EFG is a segment. 
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7. A sector is the part of (lie circle in- 
cluded between an arc and tlie two radii 
drawn through its exiromilies. Thus, 
CAB is a sector. 



8. A straight line is said to be in- 
scribed in a circle, when its extremities 
are in the circumference. Tims, llie 
line AB is inscribed in. a circle. 



9. An inscribed angle is oi 
is formed by two chords that 
each other in the circumference. 
BAG is an inscribed angle. 



10. An inscribed triangle 
which has its three angular points 
the circumference. Thus, ABC is 
inscribed triangle. 



11. Any polygon is said to be in- 
scribed in a circle when the vertices of 
all the angles are in tho circumference. 
The circle is then said to circumscribe 
the polygon. 
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13, A jecani is a line which meets the 
circumference in two points, and lies 
partly within and partly without the 
circle. Thus, AB is a secant. 



13. A tang 


nt is a liiiP 


which 


has 


bat one point 


n common v 


iih the 


eir- 


cumference. 


Thus, CMB 


is a tan 


ent. 



14, Two cii-cles are said to touch 
each other internally, when one lies 
within the other, and their cirt jmfe- 
rences have but one point 



15. Two circles are said 
each other externally, when 
without the other, and their circnnire- 
rences have but one point 
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Every cliord is less than a diameter. 
Let AD be any chord, 
die radii CA, CD to 
We shall then have, AD less than 
AC+CD (Book I. Tb. s.*). But 
AC-^CD is equal to the diameter 
AB : hence, the chord J D is less than 
the diameter. 




If from tJie centre of a 
a chord, 

I. It mil be perpendicular to the chord; 

II. And it viill bisect the arc of the chord. 
Let C be the centre of a circle, and 

A3 any chord. Draw CD through 
D, the middle point of the chord, and 
produce it to E: then will CD be 
perpendicular to the chord, and the 
arc AE equal to EB. 

First. Draw the two radii CA, CB. 
Then the two triangles ACD, DCB, 
have the three sides of the one equal t 



a line be drawn to the middle of 




the three sides of the 



*JVo(j. "When referenco is made from one tiioorem to another, ii 
same Book, the number of the theorem rcfcn-od to ia alone given 
when the theorem referred to is found in a preceding Book, the numl 
tho Book ia also given. 
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! perpendicwlar to the 



other, each to each; viz, AC equal to 
CB hemg radu 4U equal to DB, by 
h\pothesiB tuid CD common: henoe 
the cniresponclmg' angles are equal j 
(Book I Th \m): that is, the angle \ 
ODA equal to CDB, and the angle ' 
ACD equal to the angle DCB. 

But, since the angle CDA is equal 
to the angle CDB, the radius CE ii 
chord AB {Bk. I. Def. 20). 

Secondly. Since the angle ACE \ 
arc AE will be equal to the arc EB, for equal angles must 
have equal measures (Bk. I. Def. 38). 

Hence, the radiusdrawnfhrough the middle point of a chord, 
is perpendicular to the chord, and bisects the arc of the chord. 

Cot. Hence, a line which bisects a chord at right angles, 
bisects the arc of the chord, and passes tlu'ough the centre of 
the circle. Also, a line drawn through the centre of the cir- 
cle and perpendicular to the chord bisects it. 



equal 



BCE, the 



If more than two eqaal lines can he drawn fiom any point mtkin 
a circle to the ciroumference, that point xaill ic the centre. 

Let D be any point withm the circle 
ABC. Then, if the three hoes DA, 
DB, and DC, drawn fiom tlie point D 
to the circnmferenca, aie equdl the 
point D will be the centre 

For, draw the choids, AB, BC, bi- 
sect them at the points E and !•', and 
join DE and DF. 
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Of I 



Tten, since the two triangles DAE and DEB have tlie side 
AE equal to EB, AD eqaal to DB, and DE conimou, they 
wil! be equal ia all respects ; and consequently, the angle 
DBA is equal to the angle DEB (Bk. I. Th. viii); and 
therefore, DE is perpendicular to AB {Bk. I. Def. 30). But, 
if DE bisects AB at right anglesj it will pass through tha 
centre of the circle (Th. ii. Cor). 

In like manner, it may be shown that DF passes through 
the centre of the circle, and since tie centre is found in the 
two lines ED, DF, it wil! be found at flicir ■ 
section D. 



THEOREM IV. 

•e oqually distant froi 



•E of a circle, 



Let AB and ED be two cliorc!s equally 
[istant from the centre C .- then "will the 
wo cliords AB, ED be equal to each 




other 



Draw CF perpendiculai to AB, and I 
CG peipenilicular to ED, and since these 
perpendiculars measure the clistances from 
the centre, they will be equal. Also draw 
CB and CE. 

Then, the two right angled ti-ianglea CFB a 
ing the hypotlienuse CB equal to the hypothei 
the side CF equal to CG, will have the third side BF equal to 
EG (Bk. I Th. xix). But, BF is the half of BA, and EG 
the half of DE (Th. ii. Cor) ; hence, BA is equal to DE 



md CEG hav- 
i CE, and 



:. G). 
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Of th c Gircle. 

THEOREM V. 
A line vihich is perpendicalaT to a radius c 
tangent to the circle. 

Let the line ABD be perpendicular 
to the radius CB at the extremity B : 
ihea will it be tangent to the circle at 
the point B. 

For, from any other point of the 
line, as D, draw DFC to the centre, 
cutting the circTimfei'eace in F. 

Then, because the angle B, of the 
triangle CDB, is a right angle, the angle at D is acute (Bk. I. 
Th, xvii. Cor. 3), and consequently less than the angle B. 
But the greater side of every triangle is opposite to the greater 
angle {Bk. I. Th. xi); theirefore, the side CD is greater than 
CB, or its equal CF. Hence, the point Z> is without the cir- 
cle, and the same may be shown for every other point of the 
line AD. Consequently, the line ABD has but one point in 
common with the circumference of the circle, and therefore 
is tangent to it at the point B (Dei. 13). 

Cor. Hence, if a line is tangent to a circle, and a radius be 
drawn through the point of contact, the radius will be perpen- 
dicular to the tangent. 



THEOREM TI. 
If the distance between the centres of two circles is equal to 
the sum of their radii, the two circles wiU touch each oth/r 
externally. 
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Of the Circl 

Let C and D he the two centres, an 
suppose the distance between them t 
be equal lo the sum of the radii, that is 
to CA+AD. 

The ciicumferences of the circles 
will evidently have the point A common, and they win have no 
other. Because, if they had two points common, that, is if they 
cut each other in two points, G and H, the distance CD be- 
tween their centi*ea would be less than the sum of their radii 
CH, HD (Bk. I. Th, xj ; but this would be conti-ary to the 
supposition. 




If the distance between the censes of two circles is equal to 
the difference of their radii, the two circles mil touch each other 
internally. 

Let C and D be tho centres of two 
circles at a distance from each other 
equal to AD-AC=CD. I 

Now, it is evident, as in the last theo- 
rem, that the circumferences will have the 
point A common ; and they can have i 
other. For, if they had two points common, the difference be- 
tween the radii AD and FC would not be equal to CD, the 
distance between their centres: therefore, they cannot have 
two points in common when the difference of their radii is 
equal to the distance between their centres : hence, thoy are 
tangent to each other. 

Sch. If two circles touch each other, eithrr *:xteniii]ly or 
internally, their centres and the point of contact will be in the 
same straight line 
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THEOREM VIi:. 



'imfereiice of a circle is jneasured hy half the 
arc that subtends it. 







Let BAD be an inscribed angle : then 
will it be measured by half the arc BED, 
whicii subtends it. 

For, thi'ougli the centrs C draw the / 
diameter ACE, and draw tho radii BC, ' 
CD. 

Then, in the Irianglo ABC, the exte- 
rior angle BCE is equal to the sum of 
the interior angles B and A (Bk. I. Th. xyi). But t 
triangle BAG is isosceles, the angles A and B t 
(Bk. I. Th. vi); therefore, the exterior angle BCS h 
to double the angle BAC. 

But, the angle BCE is measured hythe arc .BS, which 
subtends it ; and consequently, the angle BAE, which is half 
of BCE, is measured by half the arc BE. 

It may be shown, in like manner, that the angle EAD is 
raeasmed by half the arc ED : and hence, by the additioa of 
equals, it would follow that, the angle BAD is measured by 
half the arc BED, which subtends it. 

Cor. 1. Hence, if an angle ! 
circumference, both stand on 
centre will be double the aiiglf 



t the centre, and an angle at tht, 



it the circumference. 



Cor. 2. If two angles at the circi 
ires t}iey will be equal to each othei 



nference stand on equal 
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THEOREM IX. 

All angles ai i-ha ciTcwmference, which stand i. 
ore equal to each other. 

Let the angles BAC, BBC, BFC, have 
their vertices in the circumference, and 
stand on the sarne arc BE C ; then will 
they be equal to each other. 

For, each angle is measnred by half j^\ 
the arc BEC {Th. viii) ; hence, tlie 
gles are all equal. 




THEOREM X, 



An angle in a semictTcle, is a right aiigU 
Let ABBC be a semicircle : then will _ 
every angle, as B, B, inscribed in it. 



right a 



gle. 



For, each angle is measured by half /j 
the semieirqumfereacB ADCjthat is, by a 
quadrant, which measures a right angle 
CBk. I. Th. i. Cor. 2}. 



THEOREM XI. 
If a quairdateral be inscribed in a circle, tlte sum of either 
of its opposite angles is equal to two right angles. 
Let ABCD be any quadrilateral in- 
scribed in a circle ; then wOl the sum of 
the two opposite angles, A and C, or B 
and D, be equal to two right angles. 

For, the angle A is measured by half 
ilK! arc DCB, which subtends it {I'll, viii) ; 
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and the angle C is measured by half the 
arc DAB, which suhteads it. Hence, 
the sum of the two angles, A and C, is 
measured by half the entire eircumference. 
But half the entire circumference is the 
measure of two right angles ; therefore, 
the sum of the opposite angles A and C is equal t 

In like manner, it may be shown, that the s 
two angles B and D is equal to two right angles 




If the side of a quadrilateral, inscribed in a circle, be pro- 
duced out, the exterior angle will be equal to ike inward opposite 
angle. 

Let the side BA, of the quadrilateral 
ABCD be produced \o E, then will the 
outward angle DAE bo equal to the in- 
ward opposite angle C. 

For, the angle DAB plus the angle C, 
is equal to two right angles (Th, xi). But 
DAB. plus DAE is also equal to two right angles (Bk. I. Th. ii). 
Taking from each the common angle DAB, and we shall have 
the angle DAE equal to the interior opposite angle C. 




THEOUEM Xin. 
Two parallel clwrds intercept equal a 
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Let the chords AB and CD he parallel: 
tlien will tlie aics AC and BD be equal. 

For, draw the line AD. Tten, because 
tho lines AB and CD are pavallel, the 
alternate angles ADC and DAB will bo _g' 
equal (Bk. I. Th. xii). But tlie ai); 
ADC is measuied by half the arc A 
and the angle DAB by half tlie arc BD (Th 
the two arcs AC and BD are themselves equal. 




iii) : hence, 



Tfe anghfor? 



cd bi/ a langciit and a chord, i 
the arc of the chord. 




Let BAE be tangent to the circle at the 
point A, and AC any chord. 

From A, the point of contact, ilraw 
diameter AD. 

Then, the angle BAB will be a right 
angle (Th, v. Cor), and therefore will be 
measuved by half the semicircle AMD B~ 
(Bk. I, Th. i. Cor. 2). 

But the angle DA C being at the circumference, is measured 
by half the arc DC' hence, by the addition of equals, the two 
angles S^H and DA C, or the entire angle BA C will be meas- 
ured by half the arc AMDC. 

It may be shown, by taking the difference between the two 
angles DAE and DAC, that the angle CAE is measured by 
half the arc AC included between its sides. 
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TilEOREM XV. 

I_f a tangent and a chord are parallel to each other, they will 

intercept equal arcs. 

Let the tangent ABC be parallel to tlie 
chord DF: then will the intercepted a 
DB, BF, be equal to each other. 

For, draw the chord D^ Then, si' 
ACa.nd.DF are parallel, the angle ABD 
will he eqml to the angle BDF. Bui 
ABD heing formed hy a tangent and a 
choid, will he measured by half the arc 
DB , and BDF being an angle at the circumference will be 
measured by half the arc BF (Th. viii). But since the angles 
are equal, the arcs will be equal ; hence DB is equal to BF. 

THEOREM XVI. 
The angle formed within a circle by the intersection of two 

chords, is measured ly half the siwi of the intercepted arcs. 

Let the two chords AB and CD inter- ^ 

sect each other at the point E : then will 
flie angle AEC, or its equa] DSB, be 
measured by half the swm of the inter- _ 
cepted arcs AC,DB. 

For, draw the chord AF parallel to 
CD. Then because of the parallels, the 
ngle DEB will be equal to the angle FAB (Bk I. Th, 
and the arc FD to the arc AC. But the angle FAB is mess- 
lu-ed by half the arc FDB, that is, by half the sum of the area 
FD, DB. Now, since FD is equal to ^ C, it follows that the 
angle DEB, or its equal AEC, will be measured by half ihe 
sum of the arcs DB and AC. 
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TlIEOaEM XYII. 
^iigle formed without a circle hy 
nts is measured hy half the differe% 



the intersection of 
;e of the intercepted 



Let the two secants DE and EB iu 
sect each other at E : then will the an 
DEB he meaauied by half the intercepted 
arcs CA and DB. 

Draw the chord AF parallel to ED. D/ 
Then, because AF and ED are parallel, 
and EB cuts them, the angles FAB and 
and DEB are equal (Bk. I. Th. xiv). 

But the angle FAB, at the circumference, i 
half the arc FB (Tli. viii), which is the difference of the a 
DFB and CA : hence, the equal angle E is also measured b; 
half the difference of the intercepted arcs DFB and CA. 




5 measured by 



An angle formed iy two tangents 

difference of the intercepted 

Let CD and DA be two tangents to 
the circle at the points C and A : then 
will the angle CDA be measured by half 
the difference of the intercepted arcs CEA 
and CFA. 

For, draw the chord AF parallel to the 
tangent CD. Then, because the lines 
CD and AF are parallel, the angle BAF 
will be equal io the angle BDC (Bk. I. Th. 
angle BAF, formed by a tangent and a chord, 



'■d hj half the 
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talf the arc AF, that is, by half the 
difference of CFA and CF. 

But since the tangent DC and the 
chord AF are parallel, the arc CF is 
equal to the arc CA : hence the angle 
BAF, or its equal EDC, which is meas- 
ured by half the difference of CFA and 
CF, is also measured by half ite diffei-- 
ence of the intercepted aics CFA and CA. 



Cor. In like manner it may be proved 
that the angle E, formed by a tangent and 
secant, is measured by half the difference 
of the intercepted arcs AC and DBA. 




THEOREM XIS. 



The chord of a 



; of sixty degrees is equal to Ihe radius oj 
the circle. 



Let AEB be an arc of sixty degrees 
and AB its chord: tlien will AB be equal 
to the radius of the circle. 

For, draw the radii CB and CA. 
■I'hen, since the angle ACS is at the 
centre, it will be measured by the arc 
AEB: that ia, it will be equal to sixty 
degrees (Bk. I. Def. 29). 

Again, since the sum of the three anglei 
eqiwl to one himdred and eip'ity degrees (Bk 
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Of the 



elo. 



follows that the sum of the two angles A and B will be equal 
to one Irandred and twenty degrees. But the triangle CAB 
ia isosceles ; hence, the angles at the hase are equal (Bk. I, 
Th. vi): hence, each angle is equal to sixty degrees, and 
consequently, the side J,B is equalto J-Cor Ci}(Bk. I. Th. vi). 



PROBLEMS 



The Problems of Geometry explain the methods of con- 
structing or describing the geometrical figures. 

For these constructions, a straight ruler and the common 
compasses or dividers, are all the instruments that are ab- 
solutely necessary. 

DIVIDERS OR COMTASSES. 



The dirids 
easily about i 



of the 



■o legs ba, le, which turn 
The legs of the dividers 
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are extended or brought together by placing the forefinger on 
the joint at 6, and pressing the thumb and fingers against the 



PHOEI.EM 1, 
Ore tmy line, as CD, to lay off a distance equal to AB 

Take up the dividers with the 
thumb and second finger, and place 
the forefinger on the joint at b. 

Then, set one foot of the dividers 
at A, and extend the legs with the 
liiumb and fingers, until the otliei 
foot reaches B. 

Then, raise the dividers, place on* 
with the other the distance CE : ant 
dently be equal to AB. 



C E D 


foot at 
diis dis 


c. 


and mark 
36 will evi- 



PROBLEM II. 

To describe from a given centre the eireumference of a circle 

having a given radius. 

Lot C be the given centre, and 
CB the given radius. 

Place one foot of the dividers at 
C, and extend the other leg until it 
reaches to B. Then, turn the di- 
viders around the leg at C, and the 
other leg will describe the required 
circuraference. 
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OF THE RULER. 



A ruler of a o e 
length, two inches wide, and one fifth of an inch in thicltness 
It shoiild be made of a hard material, and perfectly straigh 
and smooth, 

PROBLEM III. 

To draw a straight line through two given points A and B 

Place one edge of the rider on 
A and slide the ruler around imtil 
the same edge falls on B. Then, 
with a pen, or pencil, draw the 
line AB. 



PROBLEM IV. 

To hiscct a given line: that is, to divide > 
Let AB be the given line to be 
divided. Witli .A as a centre, and 
radius greater than half of AB, 
describe an arc IFE. Then, with 
S as a centra, aad an equal radius 
BI, describe the arc IHE. Join 
the points / and E by the line IE : 
the point D, where it intersects 
AB, will be iho middle point of tile 
Une AB. 



into tioo equal parts 




dhy Google 



GEOMETRY. 



For, draw the radii AI, AE, 
BI, and BE. Then, since these 
radii are equal, the triangles AIB 

nd BIE hare all the sides of the 
oneequal to ihecorrespoading sides 
of the other ; hence, their corres- 
ponding-angles are equal (Bk. I. .-•'^■-. 
Th. viii) ; that is, the angle AIE is eqiial to the angle BIE. 
Therefore, the two triangles AID and BID, have the side 
AIz^IB, the angle AID^BID, and ID common: lieiice, 

they are equal [Bk. I. Th. iv), and AD is equal to DB 





To bisect a given angle i 

Let ACB be the given angle, 
and AEB the given aic. 

From the points A and B as 
centres, describe witt the same 
radius two arcs cutting each other 
in D. Through D and the centre 
C, draw CED, and it will divide 

the angle ACB into two equal parts, and also bisect the ate 
AEB at E. 

For, draw the radii AD and BD. Then, in the two triangles 
ACD, CBD, we have 

AC^CB, AD=BD 

and CD common : hence, the two triangles have their corres- 
ponding angles equal (Bk I. Th. viii), and consequently, ACD 
is equal to BCD. But since ACD is equal to BCD, it fol- 
lows that the arc AE, which measures the former, is equal to 
the arc BE. which measiires the latter. 
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PHOELEM VI. 
a given point in a straight line to erect a perpendicular to ti 




Let A be the given point, and 3C 
the ^ven line. 

From A lay off any two distances, 
AB and AC, equal to each other. 
Then, from the points B and C, as 
centres, with a radius greater than 
AB, describe two arcs intersecting each other 
DA, and it will be the perpendicular required. 

For, draw the equal radii BD, DC. Then, the two trian 
gies, BDA, and CDA, will have 

AB^AC BD-DC 

and AD common : hence, the angle DAB is equal to the angi 
DAC (Bk, I. Th. viii), and consequently, DA is perpendicv 
lar to BC. 



When the point A is near the extremity of ilte line. 
Assume any centre, as P, out of 
the given line. Then with P as a 
centre, and radius from P to A, de- 
scribe the circumference of a circle. 
Through C, where the circumference 
cuts B^, draw CPD. Then, through 
D, where CP produced meets the 
circumference, draw DA : then will 
DA be perpendicular to Bj 
semicircle (Bk. II. Tli. x). 




W^' 



: CAD is ! 



angle 
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?rom a giiyen point without a straight line t 
dicidar on the line. 
Lot A be the given point, and BD 



Hiegiv 







From the point ^ as a centre, with 
a radius greater than the shortest 
distance to BD, describe an arc cut- 
ting BD in the points B and 'D. 
Then, with S and D as centres, and " ■""' "" 

the same radius, describe two arcs intersecting each other a! 
E. Draw AFE, and it will be the perpendicular required. 

For, draw the equal radii AB, AD, BE and DE. Then, 
the two triangles EAB and EAD wiO have the sides of the 
one equal to the sides of the other, each to each ; honce, theii 
corresponding angles wil! be equal {Bk. I. Th, viii), viz. the 
angle BAE to the angle DAE. Hence, the two triangles 
BAF and DAF will have two sides and the included angle of 
the one, equal lo two sides and the included angle of the other, 
and therefore, the angle AFB wiO be equal to the angle 
AFD (Bk. I. Th, iv): hence, ^FE will be perpendicul'-r 
to BD. 



Wlien the given point A is nearly 
opposite the extremity of the line. 

Draw ^C, to any point C of the 
line BD. Bisect AC at P. Then, 
with P as a centre and PC as a ra- 
dius, describe the semicircle CDA ; 
draw AD, and it will be perpendicular 
lo CD, since CDA is an angle in a sen 




icircle (B!c, 11. Th. x). 
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PKOELElt VIII. 
At a given point m a given line, to make c 
given angle. 

Let A be tke given point, AE 
tJie given, line, and IKL the given 
angle. 

Prom the vertex K, as a centre, 
with any radius, describe the arc IL, t 
aides of the angle : and draw the chord IL. 

From the point A, as a centre, with a distance AE, equal 
to KI, describe the are DE ; then with E, as a centre, and a 
radius equal to the chord IL, describe an arc cutting DE at 
D; draw AD, and the angle EAD will be equal to the 

For, draw tlie choid DE. Then the two triangles IKL 
and EAD, having the three sides of the one equal to the three 
sides of the other, each to each, the angle EAD will be equa] 
Ui the angle K (Bk. I. Th. viii). 

PKOBLEM IX. 

Through a given point to draw a line that shall be parallel to a 
given line. 

Let A be the given point and ^p E^ 

SC the given line. \ _,,.--'"' \ 

With ^ as a centre, and any ra- ^ ,---''"" \ ^ 

dius greater than the shortest dis- 
tance from A to BC, describe the indefinite arc DE. From 
the point E, as a centre, with the same radius, describe the 
arc AF: then, make ED equal to AF aiid draw AD, and it 
will be the required parallel. 
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s AF and ED 



are equal, the angles EAD and I 

4.EF, which they measure, are \ 

qual : hence, the line AD is 
parallel to BC (Bkl. Th. siii). 



PROBLEM X. 

TW angles of a triangle being given or knovm, to find the third. 

Draw the indefinite line p jj 

DBF. \. / 

At any point, as E, inake --^ / 

the angle DEC equal to one ^'~ ~E ~^ 

of the given angiea, and then CEH equal to a second, by 
Prob. VITI ; then will the angle HEF be equal to the third 
angle of the triangle. 

For, tlie snm of the three angles of a triangle is equal to 
two right angles (Bk. I. Th, xvii) ; and the sum of the ihree 
angles on the same side of the line DE is equal to two right 
angles (Bk. I. Th. ii. Cor. 2) ; hence, if DEC and CEH are 
equal to two of the angles, the angle HEF will be equal to the 
gle of the triangle. 



PROBLEM xr. 
Three sides of a triangle being given, to describe the triangle. 

Let A, B, and C, be the given 
ides. 
Draw DE, and malce it equal to 
the side A. From the point D, as 
a centre, with a radius equal to tlie 
second side B, describe an are : 
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from E as a centre, with the third side C, describe another arc 
intersecting the former in, F: draiv DF and FF; then will 
DEF be the required triangle. 

For, the three sides are respectively equal to the three lines 
A, B, and C. 



The adJMent sides of a parallelogram, with the angle which they 
contain, hdng given, to describe the parallelogram. 

Let A and B be tlie given sides „, . ^ 

and C the given angle. ^/ —f-. 

Draw'lte line DE and ma];e it j^,l— . — . ... /i'7 

equal to A. At the point D make ji' ' ' /. 

the angle EDF equal to tlie angle 

C. Malte the side DF equal to B. Then describe two arcs, 
one from F, as a centre, with a radius FG equal to DE, the 
otter from E, as a centre, with a radius EG eqtial to DF. 
Through the point G, the point of intersection, draw tte lines 
EG and FG, and DEGF will be the required parallelogram. 

For, in the quadrilateral DFGE, the opposite sides DE 
and FG are each equal to A : the opposite sides DF and 
EG are each equal to B, and tlie angle EDF is equal 
to C. Bnt, since the opposite sides are equal, they are 
also parallel (Bk. I. Th. xxiv), and therefore the figure is 



PROBLEJt : 

To describe a square r. 



dhy Google 



b2 GEOMETRY. 

~ T.!^ ~. pTTbTInis. 

Let AB bo llio given line. 

At tlie point B draw BC perpendicu- D Q 

lar to AB, by Problem VI, and tlien "'" 
•nake it equal to AB. 

Then, with A as a centre, and ra- 
.luis equal to AB, describe an arc; and 

with C as a centre, and the same A "TB 

radius AB, describe another arc; and through D, their point 
of intersection, draw AD and CD: then will ABCD be the 
required square. 

For, since the opposite sides are equal, the figure will be a 
parallelogram (Bk. I. Th. xxiv) ; and since one of the angles 
is a right angle, the others will also be right angles (Bk. I. 
Th. sxiii. Cor. 1 ) j aad since the sides are all equal, the Sgmre 
will be a square. 



PROELEII XIV. 

To eonslract a rhombus, hewing given the length of one of the 
equal sides, and one of the angles. 

Let AB he equal to the given side, 
and E the given angle. 

At B lay off an angle, ABC, equal 
to E, by Proh. VIII. and make BC 
equal to AB. Then, with A and C 
as centres, and a radius equal to AB, 
describe two arcs. Through D, their point of 
draw the lines AD, CD: then -will ABCD be the ] 
rhombus. 

For, since the opposite sides are equal, they will be 
{Bk. T. Th. xxiv). But they are each equal to AB, 




parallel 
and the 
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angle B is equal to the angle E: hence, ABCD is Ihe re- 
quii'ed rhombus. 



To find the centre of a circle. 

Draw any chord, as AB, and bisect it 
by Problem IV. Then, throiigh F, tho 
middle point, draw DCB, perpendicular 
to AB, by Problem VI. Then DCE 
win be a diameter of the circle (Bk. II. 
Th. ii. Cor.). Then bisect DE at C, 
and C will be the centre of the circle. 




To describe the circumference of a circle through three given 
points. 

Let A, B, C, be the given points. 

Join these points by the straight 
lines AC, AB,BC. 

Then, bisect any two of these 
straight lines, as AB, BC, by the ' 
perpendiculars OD, OP (Prob. iv) ; 
and the point 0, where these per- 
pendiculars intersect each other, 
will be the centre of the circle. 

Then with O as a centre, and a radius equal to OA, de- 
scribe the circuaiference of a circle, and it will pass through 
the points A, B, and C. 

For, the tvfa right angled triangles OAF and OBP have the 
side AP equal Lo the side BP, OP conmion, and the inchided 
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angles OPA and OPB equal, being 
right angles ; hence, the side OB is 
equal to OA (Bk. I. Th. iv). 

In like manner it may be shown, 
that OC is equal to OB. 
circiimference described 
radius OA, will pass thi 
points B and C. 

Sch. This problem enables us to describe the circumference 
of a circle about a given triangle. For, we may consider the 
vertices of tlie three angles as the three points thiiiugh which 
the circumference is to pass. 




■i point in the circumference of a circle, ti 
a tangmit line to the circle. 



Let A bo the given point. 

Through A, draw the radius AC to the 
centre, and then draw DAE perpendicu- 
lar to AC, by Problem VI. TJion wil! 
DAE be tangent to the circle at the point 
A {Bk. n. Th. v). 




BLEM XVIII. 



Through a given point without the circumference^ to draw a 
tangent line to the cirela. 
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Let C be the centre of the circle, and 
A the given point without the circle. 

Join^. and the centre C, and on AC, 
as a diameter, describe a circmnference. 
Tlirough the points B and D, where ^ 
the two circumferences intersect each \ 
other, draw the lines AB and A.D : \ 
these lines will be tangent to the circle \ 
whose centre is C. 

For, since the angles ABC and ^ 

ABC are each inscribed in a semicircle, they will be right 
angles {Bk. II. Th. x). Again, since the lines AB, AD, 
are each perpendicular to a radius at its extremity, thoy will 
be tangent to the circle (Bk. II, Tli. v). 

PROBLEM XIX. 




L( 



To inscribe a circle 
. ABC be the given tri- 



1 a given. triangU. 




angle. 

Bisect the angles A and B 
by the lines jIO and BO, mi 
iiig at the point O. From O, 
let fall the perpendiculars ( 
OE, OF, on the three sides of~ 
the triangle— these perpendiculars will be equal lo each other. 

For, in the two right angled triangles DAO and FAO, we 
hai'e the right angle D eipial the right angle F, the angle FA 
ecivial to DAO, and consequently, the third angles ADD and 
AOF are equal (Bk. I. Th. xvii. Cor I). But the two 
triangles have a common side AG, hence, they are equal 
(Bk. I. Th. v), and consequently, OD is equal to OF. 
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In a similar manner, it may 
be proved that OJS and OD are 
equal : hence, the three per- 
pendiculars, OD, OF, and OE, 
are all equal. 

Now, if with as a centre,j 
and OF as aradius, we describe 

the circumference of a circle, it w ill pass through the points 
D and E. and since the sides of the triangle are perpendicular 
to the radii OF, OB, OE, they will be tangent to the circum- 
ference (Bk. II. Th. v). Hence, the circle will bo inscribed 
in the triangle. 




To inscribe an equUateral I; 



1 a circk. 




Through the centre C draw any diam- 
eter, as ACB. From B as a centre, with 
a radius equal to BC, describe tlie i 
DCE. Then, draw AD, AE, and DE, 
and DAE will be the required triangle. 

For, since the chords BD, BE, s 
each equal to the radius CB, the arcs BD, BE, are each equal 
to sixty degrees {Bk, II. Th. six), and the arc DBE to one 
hundred and twenty degrees; hence, the angle DAE is equal 
to sixty degrees (Bk. II. Th. viii). 

Again, since the arc BD is equal to sixty degiees, and th^ 
arc BDA equal to one hundred and eighty degrees, it follows 
that DA will be equal to one hundred and twenty degrees : 
hence, the angle DEA is equal to sixty degrees, and conse- 
quently, the third angle ADE, is equal to sixty degrees. 
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Therefore, the triangle ADE is cqiiilatoral {Bit. I. TIi. vi. 
Cor. 3). 



To inscribe a 



a circle. 



Draw any radiuSj as AC. Then ap- 
ply the radius AC around the circum- 
ference, and it will give the chords AD, j 
DE, EF, FG, GH, and HA, which wiU 
be the sides of the regular hexagon. For, 
the side of a hexagon is equal to the radius (B\. II. Th. : 




To inscribe a square in a given circle. 

Lei ABCD be the given circle. 
Draw the two diameters AC, BD, al 
right angles to each other, and through 
the points A, S, C and D draw the 
Unes AB, BC, CD, and DA: then 
wili ABCD be the required square. 

For, the four right angled triangles, 
AOB, BOC, COD, and DOA are 
equal, since the sides AO, OB, OC, and OD are equal, being 
radii of the circle ; and the angles at O are equal in each, 
being right angles : hence, the sides AB, BC, CD, and DA 
are equal (Bk. I. Th. iv). 

But each of the angles ABC, BCD, CDA, DAB, is a righi 
angle, being an angle in a semicircle (Bk. II. Th. x) : hence, 
the figure ABCD is a square (Bk. I. Def. 48) 
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ScJi, If we bisect the arcs AB, 
BC, CD, DA, and join the points, 
we shall have a regular octagon in- 
scribed in the circle. If we again 
bisect the arcs, and join the points of 
bisection, we shall Iiave a regular 
polygon of sixteen sides. 




a given c, 



r 


A 


V 





To describe a square abo 

Draw the diameters AB, DE, at 
right angles \f> each other. Through 
the extremities A and B draw FAG 
and ZfS/- parallel to DE, and through 
E and D, draw FEH and GDI par- 
allel to AB .- tlien wUl FGIH be the 
required square. 

For, since ACDG is a parallelogram, the opposite sides are 
equal (Bk. I. Th. xxiii): and since the angle at C is a right angle, 
all the other angles are right angles (Bk. 1. Th. xxiii. Cor. 1); 
and as the same may be proved of each of the figures CI, CH 
and CF, it follows that all the angles, F, G, I, and H, are 
right angles, and that the sides GI, IH, HE, and FG, are 
equal, each being equal to the diameter of the circle. Hence, 
he figure GIHF is a square {Bk. I. Def. 48). 
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OF RATIOS ifJB PROPOUTIONS 



1. Eo(!o is the quotient arising from dividing one quantity 
by another quantity of the same Itind. Thus, if tlie numbers 
3 and 6 have the same unit, the ratio of 3 to 6 will be 
expressed by 

And in general, if A and B represent quantities of the same 
kind, the ratio of ^ to 5 will be expressed by 

A 

B' 

2. If there he four numhers, 2, 4, 8, 16, having such yalaes 
that the second divided by the first is equal to the fourth di- 
vided by the third, the numbers are said to be in proportion. 
And in general, if there be four quantities, A, B, C, and D, 
having such values that 

B_D 

A~C' 
then, A is said to have the same ratio to S, that C has to Di- 
or, the ratio of A to S is equal to the ratio of C to D When 



dhy Google 



GEOMETRY. 



four quantities have this relation to each other, they are said to 
be in proportioa. Hence, proportion is an equality of ratios. 

To express that the ratio of ^ to B is equal to die ratio of 
C to D, we write the quantities thus ; 

A : B :: C : D; 
and read, ^ is to J5, as C to IJ. 

The quantities which are coiupared togetlier are called the 
terms of the proportion. The fii'st and last terms arc called 
the tvjo extremes, and the second and third terms, the two 
means. Thus, A and D are the extremes, and B and C the 
means. 

3. Of four proportional quantities, the first and third are 
called the antecedents, and the second and fourth the conse- 
quents; and the last is said to be a fourth proportional to the 
other three taten in order. Thus, in the last proportion, A 
and C are the antecedents, and B and D the consequents, 

4. Three quantities are in proportion when the first has the 
same ratio to the second, thatthe second has to the third ; and 
then the middle term is said to bo a mean proportional between 
the other two. For example, 

3 : 6 : : 6 : 12 ; 
and 6 is a mean proportional between 3 and 12. 

5. Quantities are said to be in proportion by inversion, or 
inversely, when the consequents are made the antecedents and 
the antecedents the consequents. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16. 
the inverse proportion would be 
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6. Quantities are said to be in proportion by alternation, or 
■dtETnatdy, when antecedent is compaved witli antocedont and 
consequent with conseqneat. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16, 
the alternate proportion, would bo 

3 : 8 : ; 6 : le. 

7. Quantities are said t be 0^0] ortion by composition, 
when the aum of the anteced t a d c isequent is compared 
either with antecedent or 1,01=6 1 ^ ' 

Thus, if we have the p opor o 

2 : 4 . . & . 16, 
the proportion, by composition would be 

2+4 : 4 ; L 8+16 : IS; 
that is, 6 ; 4 : : 24 : 16. 

8. Quantities are said to be in proportion by division, when 
the difference of the antecedent and consequent is compared 
eitlier with the antecedent or consequent. 

Thus, if wo have tho proportion 

3 : 9 : ; 13 : 39, 
the proportion by division will be 

9-3 : 9 : : 36-13 : 36; 
that is, 6 : 9 ; : S4 : 36. 

9. Equimultiples of two or more quantities are tho products 
which arise from multiplying the quaatilics by tlie same 
number. 

Thus, if we have any (wo numbers, as 6 and .'i, and nmltiply 
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ihcm both by any number, as 9, tlie equimultiples will be 54 
and 45; for 

6x9-54 and 5x9=45, 
Also, mxA and mxB are equimultiples of .A and B, tha 
common multiplier being m. 

10. Two quantities, A and B, arc said to bo redpTocally 
proportional, or inversely proportioaal, when one increases in 
the same ratio as the other diminishes. When this relation 
exists, either of them is eqnal to a constant quantity divided by 
the other. 

Thus, if we had any two numbers, as S and 4, so related to 
each other that if we divided one by any number we must 
multiply the other by the same number, one would increase 
just as fast as the other would diminish, and their product 
would not be changed. 

THEOREM I. 
If four quantities are in proportion, the product of the tmo ex- 
tremes idll be equal to the product of the two means. 
If we have the proportion 

A : B :: C : D 
we have, by Def. 3, 

B_D 

A.^'C 

and by clearing the equation of fractions, we have 

BC=AD 

Sch. The general principle is verified in the proportion 

between the numbers 



2X60=10X13^130 
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If fovT quantities are so related lo each other, that the product 
of two of them is eq;aal to the product of the other two ; tlien, 
tmo of them may be made the mems, and the other two the 
extremes of a proportion. 

Let A, B, C, and D, have such values lliat 
BxC-AxD 

Divide both sides of the equation by A, and we have 

A- 
Thon divide both sides of the last equation by C, and we 

B_D 
A^'C 
hence, by Def. 2, we have 

A : B : : C : D. 
Sch. The general truth may he verified by the numbers 
3X18^9X4 
which give 



THEOREM III. 

If three giiantities are in proportion, the product of the two 
extremes wiil be equal to the square of the middle term. 
Let us suppose that we have 

A : B .: B : C 
Then, by Def. 3, we have 

B_C 
A~ B 
iind by clearing the equation of its fractions, we have 
7 
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S = C X ^ 
Sdi. Tlie pvojiosition may be verified by the numbers 
3 : 6 : : 6 : 12 
which give 

3x12=6x6=36 

THEOREM IV. 
If four quantities are m proportion, they will be in propor 
wJten taken alternately. 
Let A : B : : C : D 

Then, by Def. 3, we have 

B_D 

A~C 

Midtiplying both members of this equation by — , we h 

C_D 



A : C : : B : D. 
Sch. The ihoorem may be verified by tbo proportio 
10 : 15 : : 20 ; 30 
or, we have, by alternation. 



If there be two sets of proportions, having c 
a consequent in the one, equal to an antecedent and a cotisegumt 
' the other; then, the remaimng terms mil be proportional. 
If we have 
J, . B -. C : D, and A ; B : : l: : F; 
then we shall have 
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B D B F 

Hence, by Ax. 1, we have 

D_F 
C~E 
a.Tid consequently, 

C : D :: E : F. 
Sch The proposition may be verified by the following 
proportions, 

3 : 6 : : 8 ; 24 and 2 : 6 : ; 10 : 30 
which give 

8 : 34 : : 10 : 30. 



If four quantities are in proportion, they will be in proportion 
vihen taken inversely. 
If wc have the proportion 

A : B :: C : D 
we have, by Th. I, 

AxD-BkC, 
or By.C=Ay.'D. 

Henco, we have, by Th. II, 

B : A :: D : C. 
Sell. The proposition may bs verified by the proportion 
7 : 14 :: 8 : 16; 
which, when taken inversely, gives 

14 : 7 ; : 16 : 8. 

THEonEM vir. 
If four quantities are in proportion, they will be in proportion by 
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Let us suppose that we have 

A : B : : C : D 
we shall then have 

AxD-BxC. 
To each of these equals, add BxD, and we have 
(A+B)xD^[C+D)xB; 
and by separating the factors by Th, II, we have 
A+B : B : : C+D : D. 

Sch. The proposilion may be verified by the following 
proportion, 

9 ; 27 : : 16 : 48. 
We shall have, by composition, 

9+37 : 27' : : 16+48 : 48, 



THEOREM Vlil. 

If four quantities are mpfoportion, they will he in proportion b. 
division. 
Let us suppose that wo have 

A : B :: C : D; 
we shall then have 

AxD^BxC. 
From each of these equals let us subtract Dy.D, and wi 

(A~B)xD={C-D)xB; 
and by separating the factors by Th. II, we have, 
A^B : B :: C-D : I). 

Sch. The proposition may be verified by the proportion, 
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We have, hy division, 

S4— 8 : 8 : : 43-16 



e-hulf. 



THEOREM IX. 



Equal multiples of two quantities have the same ratio as the 
quantities themselves. 

If we have tlie proportion 

A : B :: C : D 
we sliall have 

B_D 

A~C 

Now, let M be any iramber, and by it multiply the n«- 

merator and denominator of the first member of the equation 

which will not change its value : wa shall then have 

Jf X B _ D 

MxA^C 

anil hence wc have 

MxA : MxB : : C : D, 
that is, the equal muhipliors MxA and MxB, have the same 
ratio as A to B. 

Sch. The proposition may be verified by the proportion, 
5 : 10 : ; 13 ; 34; 
for, by multiplying the iirst antecedent and consequent by aiij 
number, as 6, we hare 

30 : 60 : ; 13 : 34, 
in which the ratio is still 3. 
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If four quantities an proportional, and one antf cedent and its 
■onsequent be augmented hy quantities whth have the same ratio 
IS the antecedent and consequent, tht foar qvantilit.s tliII still hs 



Lei us take the ptopotliotis 
A : B : : C : D, ^aH A : B : : E : F, 
which give 

AxD^BxC and AxF^BxE; 

adding these equals we have 

Ax{D-^F)^Bx{C+E); 
and by Th. II, we have 

A : B :: C+E : D-i-F 
in which the antecedent C and its consequent D, are augment- 
ed by the quantities E and F, whicli have the same ratio. 
Sch. The proposition may be verified by the proportion, 
9 : IS : : 20 : 40, 
in which the ratio is 2. 

If we augment the antecedent and its consequent hy 15 and 
30, which have the same ratio, we have 



n which the ratio is still 2. 



THEOREM SI. 



If four quantities are proportional, and one antecedent and its 
consequent be diminished hy quantities -which have tlie same ratio 
as the antecedent and consequent, the four quantities mil still he 
in proportion. 
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Let us take ike proportions 
A : B : : C : D, a,nd A : B : : E : F, 
which give 

A X D=:BxC and A x F=B x E. 
By subtracting these equalities, we have 
Ax{D-F)=Bx(C-E)i 
and by Th. 11, we obtain 

A : B : : CS : D-F, 
in wMch the a,nteced6nt and consequent, C and D, are dimin- 
ished by E and F, which have the same ratio. 

Sch. The proposition may he verified by the proportion, 
9 : 18 : : 20 : 40, 
for, by diminishing the antecedent and consequent by 15 and 
30, we liave 

9 : 18 ; ; 20—15 : 40—30; 
that is 9 : 13 ; : 5 : 10 

in which the ratio is still 3. 

THEOREM XII. 
If ve liave several sets of proportions, having the same ratio, 
any nntecfdent will be to its consequent, as tlie sum. of the ante- 
cedents to the sum of the consequents. 
If vfe haie the several proportions, 

B which gives A x D — B X C 
F which gives J.X-F— -Bx-E 
H which gives A X H=B X G 
We shall then have, by addition, 

Ax{0+F-{-H)^Bx{C^E+G); 
iiid consequently, by Tli. 11. 

A : B :: C+E-\-G : D+F+H. 
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Sch. The proposition may bo verified by the following 
propovtlons : viz. 
2 ; 4 : ; 6 : 13 and 1 : 2 : : 3 : 6 

Then, 2:4:: G+3 : 12+6; 

hat is, 3 : 4 : : 9 : 18, 

ia whieli the ratio is still 3. 

THEOREM XIII. 

If fmtr quantities are in propoTtion, their squaires or cubes wiU 
aho he proportional. 
If we have the proportion 

A : B :: C : D, 
it gives 

B_D 
A~C 
Then, if we square both members, we have 

s.nd if wc cube both members, we have 
B^_D^ 
A^~C^ 
and then, changing these equalities into a proportion, we have 
for tile first, 

a' : B^ :: d : D^ ; 
and for the second 

A^ : B^ :: C^ : Z>1 
Sch. We may verify the proposition by the proportion, 
2 : 4 : : 6 : 12, 
and by squaring each term we have, 
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miitibers which are still proportional, and m which the ratio 
is 4. 

If we cube the numbers we have, 



that is, 8 : 64 : : 216 ; 1728, 

ill which the ratio is 8. 

THEOREM XIV. 
If we have two sets of proportional quantities, the p, 
the corresponding terms mil be proportional. 
Let us take the proportions, 
A : B : : C : D which gives 



f ; : G : H which g 



A~C 
F_II 
E~G 



Multiplying the equalities together, we have 
BxF _ DxH 
AxE~CxG 
and this by Th. II, gives 

AxE : BxF : : CxG : BxH. 
Sch. The proposition may be verified by the followirig 
proportions : 

8 : 12 : : 10 : 15, 
and 3 : 4 : : 6 : 8; 

we shall then have 

24 : 48 : ; 60 : 120 
which are proportional, the ratio being 2. 
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OF THE MEASTJREMENT 
PKOPORTIONS 



1. Similar figures, are tliose which have ihe angles of the 
one equal to the angles of ihe other, each to each, and the 
sides about the equal angles proportional. 

3. Any two sides, or any two angles, which arc like placed 
in the two similar figures, are called homologous sides or 
angles. 

3. A polygon which has all its angles equal, each to each, 
and all its sides equal, each to each, is called a regular polygon 
A regular polygon is both equiangular and equilateral. 

4. If the length of a line he computed in feet, one foot is 
tie unit of the line, and is called the linear unit. If the length 
of a line be computed in yards, one yard is the linear unit. 

5. If we describe a square on the unit ^ ^^^ 
of length., such square is called the unit of 

surface. Thus, if the linear unit is one unit 

foot, one square foot will bo ihe unit of 
surface. 
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6. If tlie linear unit is one yard, one 
square yaid will be the unit of surface ; 
and this square yard contains nine square 
feet. 



7. The area of a figui-e is tho measure of its suvface. The 
unit of the number which expresses the area, is a square, tire 
side of which is the unit ot length. 

8. Figures haie equal areas when they contain the same 
measuring unit an. equal number of times. 

9. Figure? whicli haie equ^I areas are called equwahnt. 
The term equal, when apphed to figures, implies an equality 
in all respects Siieli figures being applied to each other, will 
coincide in all then paits Tho term equivalent, implies an 
etiuality in one respect only : viz. an equality in their areas 



Parallelograms which have fqiial iosts anil equal altitudes. 

Place the base of one piialkl p K T) 

ogram on that of the othei, so tli it 
AB shall be the common base of 
the two parallelograms ABCD 
and ABEF. Now, since the par- ^ ^ 

allelograms. have the same altitude, their upper bases, Z>C and 
FE, will fall on the same line FEBC, parallel to AB. Since 
the opposite sides of a parallelogram are equal to each other 
(Bb. I. Til. xxiii),^I»isequalto5C. Also, OC and TJS are 
each equal to AB : and consequently, they are equal to each 
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other (Ax. 1). To each, add ED : 
then will CE ba equal to DF. 

But since the 3ine FC cuts the 
wo parallels CB and DA, the 
angle BCE wiU be equal to the ^ ^ 

angle ADF (Bk. I. Th. xiv) : hence, the two triangles ADF 
and BCE have two sides and the included angle of the one 
equal to two sides and the included angle of the other, each 
to each ; consequently, they are equal (Bk. I. Th. iv). 

If then, from the whole space ABCF we take away the tri- 
angle ADF, there will remain the parallellogram ABCD'; but 
if we take away the equal triangle BEC, there will remain the 
parallelogram ABEF : hence, the parallclogi'atn ABEF is 
equivalent to the paraJlelograra ABCD (Ax. 3). 



Cor. A parallelogram and a 
rectangle, haying equal bases and 
equal altitudes, are equivalent. 



Triangles which have equal bases and equal altitudes, < 
equivalent. 
Place the base of one triangle 
on diat of the other, so that ABC 
•md ABD shall be the two trian- 
gles with the common base AB, 
and for tl en altitude the distince 
between the two piiallela 4B FC : then will the triangle 
ABC be equivalent to the tiiangle ADB. 

For, through A draw AE parallel to 5C, and jii^ parallel to 
BD, foirning the two parallelograms BE and BF. Then, 
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since these parallelograjna have a cominoii base and equal 
altitudes, they will be equivalent (Th. i). 

But the triangle ABC is half the parallelogram BE (Bk. 1. 
Th. xxiii) ; and ABD is half the equal parallelogram BF : 
hence, the triangle j4.BC is equivalent lo tlie triangle ABD. 



altiltides, the trit 



THEOREM III. 
larallelogram have equal bases and equal 
ingle wiil be i 



Place the base of the triangle on the 
base of the parallelogram, so that AB 
shall be the common base of the tri- 
angle and parallelogram : then will the 
triangle ABE be half tie parallelogram 
BD. 




s the altitude of 



For, draw the diagonal A C, Then, s 
the triangle AEB is equal to that of the parallelogram, the 
vertex will be found some where in CD, or in CD produced. 
Now the two triangles ABC and ABE, having the same base 
AB, and equal altitudes, are equivalent (Th. ii). But the tri- 
angle ABC is half the parallelogram BD (Bl(. 1. Th.sxiii): 
hence, the triangle ABE is half the parallelogram BD (Ax. 1). 

Cor. Hence, if a triangle and a recl>- 
angle have equal bases and equal alti- 
tudes, the triangle will be half the 
rectangle. 

For, the rectangle would he equiva- 
lent to a parallelogram of the same base 

and altitude (Th. ix. Cor.), and since the triangle is half the 
parallelogram, it is ixlso equivalent to half the rectangle. 
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THEOREM IV. 

Rectangles which are described on equal lines are eqidvakni 

Let BD and .PHbe two iectangle<i, 
having the sides AB, BC, equal V. 
the two sides EF, F0-, each to 
each: then will the rectangle AB CO, / / 

described on the lines AS, BC, he /_ , / 

equivalent to the rectangle EFGH, ^ ^ ^ ^ 
described on the lines EF, FG. 

For, draw the diagonals AC, EG, dividing each parallel- 
ogram into two equal parts. 

Then the two triangles, ABC, EFG, having two sides and 
the included angle of the one equal to two sides and the in- 
cluded angle of the other, each lo each, are equal (Bk. I, 
Th. iv). But these equal triangles are halves of the respective 
rectangles {Th. ill. Cor.) : hence, the rectangles are equal 
(Ax. 7) ; and consequently equivalent. 

Cor. The squares on equal lines are equal. For a square 
is but a rectangle having its sides eqaal. 



THEOaEM V. 
Tiuo rectangles Jtaving equal altitudes a 
bases. 

Let AEFD and EBCF be two JD_ 
rectangles having the common alti- 
tude AD; then will they be to each 
other as the bases AE and EB. 



For, suppose the base AE to be 
numbers, say the numbers 4 and 3. 



each otlicr as thei? 



I the base EB, as any two 
Let AE be then divided 



dhy Google 



lilt) fom (.qiidl piit^ 11(1 EB into ibet, equal paits, and 
tluough the points ol division draw parallels to AD. We 
shdll thu9 torm seTen rectangles all equivalent to each other 
since they have equal bases and equal altitudes (Th. iv). 

But the rectangle AEFD will contain four of these partia. 
rectangles, while the rectangle EBCF will contain three; 
hence, the rectangle AEFD will be to the rectangle EBCF aa 
4 to 3 ; that is, as the base AE to the base EB. 

The same reasoning may be applied to any other rect- 
angles whose bases are whole numbers : hence, 

AEFD i EBCF : : AE : EB. 



~A B 

F 



Any two rectangles are to each oflier ai the pi^Jii ts of their 
bases a/id altitudts 

Let ABCD and AEGF bo 
two rectangles : then will 
ABCD : AEGF : : ABxAD 
■ AFxAE 

For, having placed the two 
rectangles so that BAE and 
DAF shall form straight lines, produce the sides CD and GE 
until they meet in H 

Then, the two rectangles ABCD, AEHD, having the com- 
mon altitude ^D, aie to each other as tlieir bases AB and 
AE (Th. v). In like manner, the two rectangles AEHD 
AEGF, having the ^ame altitude AE, are to each other aa 
their bases AD and AF Thii*, we have the proportions 
ABCD : AEHD : : AB : AE, 
AEHD : AEGF : : AD : AF 
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II iiOH we multiplj tin coi 
lespondmg terms together, the 
products will be piopoiUonal 
(Bk III Th iiv) and the 
common multiplier AEHD may 
be omitted (Rk. III. Th. ix) : 
henee, we shall have 

iBCD iECr \bA IB 

&eS Hence tho prol it of thp lie 
bj the iltitude nidj be iss n ed ss llio 
me ^ure ot a rectangle This p od ct 
will g VQ the luralw of superficial umt^ 
m the surface because Jor one unit in 
height theie are as manj superficial imits 
as theie aie linear units in the ba^e fcr t« o i n t^ i 1 ti^l 
tmcu as ra-in> fui tluce iiuIb in height iliee tines •■ 
mani &c 



THEOREM VII, 
The sum of the rectanghs contiincd hy one hut, and the 
several parts of another lirte arty way divided, is equiiahnt to the 
Teetangle contained hy the two whole lines 

Let AD he one line, and AB the other, 
divided into the parts AE, EF, FB : then - 
will the rectangles contained by AD and 
AE, AD and EF, AD and FB, be equiv- 
alent to the rectangle AC which is con- 
tained by the lines AD and AB. 

For, through E and F draw EG and fff parallel to AD, to 
which they will ho equal (Bk. T. Th. xxiii). Then, AG will 
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be equal to the rectangle of AD X A.E ; EH will be equal to 
EGxEF.ot to ADxEF; and JC will be equal to Pl/X-fS, 
or to ADxFB. 

But the rectangle jiCia equal to the sum of the partial 
rectangles : hence, 

ADyAB=ADxAE+ADxEF+ADxFB. 

THEOREM Vln. 
T!is area of any parallelogram is equal to the product of its base 
hy its altitude. 

Let ABCD be any parallelogram, and 
BE its altitude: then will its area l)e f~/^^ 
equal to ABxBE. / 

For, draw AF perpendicular to the V 
base AB, and produce CE to F. Then, 

the parallelogram £D and the rectangle BF, having the same 
base and altitude are equivalent (Th. i. Cor.). But the area 
of the rectangle BF is equal to the product of its base AB by 
the altitude AF (Th. vi. Sch.) : hence, the area of the paral- 
lelogram is equal to ABxBE. 

Cor. Parallelograms of equal bases are to each other as their 
altitudes ; and if their altitudes are equal, they are to each 
other as their bases. 

For, let B be the common base, and C and D the altitudes 
of two parallelograms. Then, by the theorem, their areas are 
l» each other, as 

BxC : BxD, 
thatis, (Dk.ru. Thix},as C : D. 

If A and B be their bases, and C tl 
then they will be to each other, as 

AxC : BxC: that is, as 
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ud to half the product of it 
s altitude. 



base hy 



Let ABC be any triangle and CD ifs 
aliiUide ; then will its area be equal to 
half the product of AB X CD. 

For, through B draw BE parallel to 
AC, and throiigh C draw CE parallel 
to AB : we shall then form the parallelogram AE, having the 
same base and altitude as the triangle ABC. 

But the area of the parallelogram is equal to the product of 
the base AB by its altitude DC ; and since the parallelogram is 
double the triangle (Th. iii), it follows that liie area of the tri- 
angle is equal to half this product: that is, to half the product 
oiABxCD. 

Car. Two triangles of the same altitude are to eacii other 
as their bases ; and two triangles of the same base are to each 
other as their altitudes. And generally, triangles are to each 
other as the products of their bases and altitudes. 



Tlie area of a trapeeoid is equal to half the product of its tdtitude 
multiplied by the sum of its parallel sides. 

Let ABCD be a trapezoid, CG L 
its altitude, and AB, DC its par- 
allel sides ; then will its area be 
equal to half the product of ' 

CGx{AB+DC). J 
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Foi', produce ^B until ££ h equal lo DC, and complete 
the rectangle AF; also, draw BH peipendiuulir to AB. 

Then, the rectangle AC will be equivalent to 5F, since they 
have equal bases and equal altitudes ( fh n ) The diagOQal 
BG wilt divide die rectangle GH into two equal triangles; 
and hence, the trapezoid ABCD will be equiialent to the 
trapezoid BEFC ; and consequeufh, the lectingle 4P, is 
double the trapezoid ABCD. 

But ,the rectangle AF is equivalent to the produtt of 
ADxAE; that is, to CGx[A3+DC), and consequentlv, 
the trapezoid ABCD is equal to half that pioduut 



If a line be divided into two parts, the square described on the 
whole Km is equivalent to the sum of the squares described on the 
two parts, together viith twice the rectangle contained hy the parts. 

Let the line AB be divided into two 
parts at the point E: then wiU the square 
described on AB be equivalent to the two 
squares described on AE and EB, to- 
gether with twice the rectangle contained 
by AE and EB : that is 











/ 











AB =AE + EB^+2AE X EB. 



1 ^lE, 



For, let AC be a square on AB, and AF a square o 
and produce the sides EF and GFio H and /. 

Then, since EH is equal to AD, being the opposite side ol 
a rectangle, it is also equal to -AB; and GI is likewise equal 
to AB. If, therefore, from these equals we take away EF and 
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i-isl: 



I F^, 



GF, there will remain FH equal t 
and. each will be equal to HC or IC ; and 
sinc3 the angle at f is a right angle, it - 
follows that FC is equal to a square de- F 

scribed on EB. It also follows, that DF 
and FB are each equal to the rectangle __^__,__^_ 
of AE into EB, ^ -E S 

But the square ABCD is made up of four parts, viz., the 
square on AE ; the square on EB ; the rectangle Di^, and 
the rectangle FB. Hence, the square on AB is equivalent 
to the square on AE plus the square on EB, plus twice the 
rectangle contained by AE and EB. 

Cor. If the line AB was divided into 
two equal parts, the rectangles DF and 
FB would become squares, and the square 
described on the whole line would be 
equivalent to four limes the square de- 
scribed ou half the line. 

Sck. The property may be expressed in the language ( 
algebra, thus. 



T/ie square described on the hypotkenuse of a rigJit a 
triangle, is equivalent to the sum of the sqiti 
other two sides. 
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Let BAG be a right an- 
gled triangle, right angled at 
A : then will tlie square de- 
scribed on the hypotiienuse 
BC, be equivalent to the two 
squares described on BA 
&ndAC. 

Having described tlie 
squares BG, BL and AI, 
let fall from A, on the hy- 
pothenuse, the perpendicular 
AD, and produce it to E ; then draw the diagonals AF, CH. 

Now, the angle ABF is made up of the right angle FBC 
and tte angle CBA ; and the angle CBH is made up of the 
right angle ABH and li 3 same angle CBA : hence, the angle 
ABF is equal to CBH. But FB is equal to BC, being sides 
of the same square ; and for a lijte reason, BA is equal to 
HB. Therefore, the two triangles ABF and CBH, having 
two aides and the included angle of the one equal to two sides 
and the included angle of the other, each to each, are equal 
(Bk. I. Th. iv}. 

Since the angles BAC and BAL are right angles, as also 
the angle ABH, it follows that CAL is a straight line parallel 
to BH. Hence, the square HA and the triangle HBC, stand 
on the same base and between the same parallels ; therefore, 
the triangle is half the square {Th. iii. Cor.)- For a like 
reason, the triangle ABF is half the rectangle BE. 

But it has already been proved that tlie triangle ABF is 
equal to the triangle PBH : hence, the rectangle BE, which 
is double the former, is equivalent to the square BL, which is 
double the latter (Ax. fi). 
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In the same manner it 
may be proved, that the rect- 
angle DG is equivalent to 
ilie square CK. 

But the two rectangles 
BE, DG, make up the 
square BG : therefore, the 
square BG, described on 
the hypothenuse, is equiva- 
lent to the squares BL and 
CE, described on the other 
tivo sides. 

Cot. Hence, ite square of cither side 
of a, right angled triangle is equivalent to 
the square of the hypothent5se diminished 
by the square of the other side. That is, 
in the right angled triangle ABC 

AB^=AC^-BC^ 
or BC^^AC^-AB^. 

Sch. The last theorem 
may be illustraled by de- 
scribing a square on the hy- 
pothenuse BC, equal to 5, 
also on the sides BA, A C, 
respectively equal tfl 4 and 3 ; 
and obseruing that the num- 
ber of small squares in the 
large square is equal to ihe 
number in. the two small 
squares. 
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If a line lis drainn parallel to ilie base of a iriartgle, it will divide 
the other Uw sides proportionally. 
Let ABC he any triangle, and DF. a ^ 

straight line draivn parallel to ike base 
BC: then will 

AD : DB i: AE : EC, 
For, draw BE and DC. Then, tl^e 
■wo tvianglea BDE and DCE have fhe 
same base DE, and the same altitude, 
since their vertices B and D, lie in the line BC parallel to 
DE ; hence, they are equivalent {Th. ii). 

Again, the triangles ADE and BDE, having a common 

vertex E, have the same altitude ; and consequently, are to 

each othei' as their bases (Th. ix. Cor.) ; hence, we have 

ADE : BDE : : AD : DB. 

But the triangles ADE and CDE, having a commou vertex 

D, are to each other as their bases AE and EC ; hence, we 

ADE I CDE : : AE : EC. 
But the triangles BDE and CDE have been proved equiva- 
lent ; hence, in the two proportions, the first antecedent and 
consequent in each are equal; therefore, by (Ek. III. Th. v), 

AD : BD : ; AE : EC. 
Cot. The sides AB, AC, are also proportional to tlie parts 
AD, AE, or to BD, CE. 

For, by composition (Bk. III. Th. vii), we have 

AD^-BD : BD :: AE+EC : EC. 
Then, by alternation {Bk. III. Th. iv). 
AB -. ACi: BD-. EC, hence, also, AB . AC -. ■ aD : AE- 
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A line viliicJi bisects the vertic 
the base into two segments which 
sides. 

Let A CB be a triangle, hav- 
ing the angle C bisected by the 
line CD : then will 
AD : DB :: AC : CD. 



angle of a triangle divides 
■a proportional to the adjacent 



For, Ara. 



BE 



lUel 



CD and produce AC to E. 
Then, since CB cuts the two 
parallels CD, EB, the alternate 
equal (Bk. I. Th. xii) r hence, CBE 




5 BCD and CBE are 
9 equal to angle ACD. 
i the two parallels CD, BE, the angle 
ACD is equal to GEB (Bk, I. Th. xiv) : consequently, the 
angle CBE is equal to the angle CEB {Ax. ]): hence, the 
side CB is equal to CE {Bk. I. Th. yii). 

Now, in the triangle ABE the line CD is drawn parallel 
to BE : hence, by the last theorem, we have 

AD : DB :: AC : CE, 
imd by placing for CE, its equal CB, we have 



AD 



DB 



AC 



CB. 



THEOEEM 

r triangles have their 
Let ABC and DEF be two equi- 
angular triangles, having the angle 
A equal to the angle D, the angle C 
to the angle F, and the angle B to 
the angle E ; thi 



AB 



AC 



■ DE 



DF. 
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For, on the sides of the largei- triangle DBF, maJse Dl 
equal to AC and DG equal to AB, and join IG. Then thp 
two triangles ABC and DIG, haying two sides and the in- 
cluded angle of the one equal to two sides and the included 
angle of the oilier, each to each, will be equal (Bk. 1 Th. iv). 
Hence, the angles / and G are equal to C and B, and conse- 
quently, to the angles F and E : tlierefore, IG is parallel to 
EF (Bk. 1. Th. xiv, Cor. 1). 

Now, in the triangle DEF, since IG is parallel to tlio base, 
-we have (Th, xili). 



T-wo trianghs which have CJieir homologous sides proportional at 
equiangular and similar. 
Let BAG and EDF he two 
triangles haying 

BC : EF : : AB ; ED, 
and SC ; £F : : jIC : DF ; 
then will they haye the homolo- 
gous angles equal, viz., the angle 

B^.E, A=D and C=^F. 
For, at the point E malie FEG equal to the aiigle B.- 
and at F make the angle iSi^G equal to the angleC- Then 
will the angle at G be equal to A, and the two triangles BAG 
and EOF will be equiangidar (Bk. I. Tli, xvii. Cor I). 
Therefore, by the last theorem we shall have 
BC : EF : : AB : EG; 
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but by hypotlles 
BC : EF : 



iencB, EG is equal lo ED. 
By the last theorem we a 







!, FG is equal ti 
Therefore, the tria 



EF 
■ DF. 



DF; 



igles DEF ami EGF, having their three 
sides equal, each to each, are equiangular (Bk. I, Th. viii} 
But, by construction, the triangle EFG is equiangular with 
BAG: hence, the triangles BAG a.aA EDF are equiangular, 
and consequently they are similar, 

Sch. By Theorem XV, it appears that if the corresponding 
angles of two triangles are equal, each to each, the homolo- 
gous sides will be propoitional ; and in the last theorem it was 
proved thdt if the sides are proportional, the corresponding 
angles will be equil 

Now, the^e proportioni do not hold good in the quadrilate- 
rals. Foi, m the square and rectangle, the corresponding 
angles are eqii^l, but the sides are not proportional ; and the 
angles of i piiallelogram or quadrilateral, may be varied at 
pleasure, without altering the lengths of the sides. 



THEOREM XVI r. 



If two triangles have an angle in the one e/pial to an angle m 
the other, and t/ie sides, containing these angles proportional, the 
'ij>o triangles leill be equiangular and simiiar. 
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Let ABC and DEF he two tn 


gles having the 


angle A eqnal W 


e angle D, and 




iB : DE : 


AC ; DF; 


en will the t 


ivo triangles b 



nilar. 




For, lay off AG equal to DB, and througli G draw GI par- 
allel to BC. Then the angle AGIwill be equal to the angle 
ABC (Bk. I. Th. xiv) ; and the triangles AGI and ABC will 
be equiangular. Hence, we shall have 

AB : AG : : AC : AI. 

But, by hypothesis, we liave 

AB : DE :: AC : DF, 
and by construction, AG is equal to DB ; therefore, AI is 
equal to Df , and consequently, the two triangles ^P/ and 
DEF are equal in all their parts (Bk. I. Th. iv). But the tri- 
angle ABC is similar to AGI, consequently it is similar to 
DEF 



THEOREM XVIII. 



If from the right angle of a rigJit angled triangle, ajjerpeTt- 
dicular be let fall on the hypothenuse, then 

I. The two partial triangles thus formed will he similar to 
each other and to the whole triangle. 

II. Either side including the right angle mil be a mean pro- 
portional between the Jiypothenuse and the adjacent segment. 

III. The perpendicular villi be a mean proportionolhetween the 
segments of the liypothenuse. 
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Let ABC be a liglit angled 
triangle, and AD pei'pendicular 
to the hypotheause. 

The two triangles BAC and 
BAD having the common angle 
S,and the right angle BAC equal "" " 

to the right angle at D, will be equiangular [Bk. I. Th. : 
Cor. 1); and, consequently, similar (Th. xv). For a 
reason the triangles BAC and CAD are similar. 

Now, from the triangles BAC and BAD, we have 



SO 



BA 



BA 



BD. 



From the triangles BAC and CAD, \ 



md from tlie triangles BAD and DAG, > 



BD 



AD 



Cor. If from a point A, in tte 
circumference of a circle, AD be 
drawn perpendicular to any diam- 
eter as BC, and the charda AB 
AChe also drawn, then the an- 
gle B^C will be a right angle 
(Bk. n. Th. x): and by the 
theorem we shall have, 

1st The perpendicular AD a i 
the segments 5Z> and DC. 

2d Each chord will be a mean 
diameter and the adjacent segment,. 




lean proportional between 
proportional between the 



That ii 



AD^=BDxDC 
AB^=iBCxBD 



AO'^BCxCD. 
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THEOEEM XIX. 
Similar triangles are to each other as the s 
their Jiomologous sides. 
r,ct ABC and DEF be 
two similar U'iangles, and 
AL and DN the squaves de- 
scribed on the homologous 
sides AB, DE : then will 
the triangle 
ABC : DEF : : AL -. DN. 

For, draw CG and Fli perpendicular to tlie bases AB, DE, 
and draw the diagonals BK and EM. 

Then, the similar triangles ABC and DEF, having their 
like sides proportional, wo have 

AC : DF :: AB : DE ; 
and the two ACG, DFII, give 

AC : DF :: CG ■ FH ; 
hence, (Bk. 111. Th. v), we have 

AB : DE :: CG : FH, 
or (Bk. in. Th. iv), 

AB : CG : : DE : FH. 
Now, the two triangles ABC and AKB have the common 
base AB ; and the triangles DEF and DEM have the common 
base DE ; and since triangles on equal bases are to each other 
as thek altitudes (Th. ix, Cor.), we have 
the triangle 

ABC : ABK : : CG : AK or AB 
and the triangle, 

DEF : DME :: FH : DM or DE 
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TtianglcB. 


But we have proved 

CG : AB :: 
hence, ABC : ABK : : 
or, alternately, 

ABC : DEF : : 

But the squares AL and 
DN, being each double of the 
triangles AKB and DME A 
will have the ratio ; hcnuo, 
ABC : DEF : : AL : n:\: 


FH : 
DEF 

ABK 

C 


DE; 
DME, 

DME. 

/ \, 

B i^i- / 


y 



THEOREM SX. - 

Two similar polygons may he divided into 



equal numhef 
triangles, similar each to each, and similat ly plat-td 

) similar polygon' 



"/ 




Let ABCDE and FGHIK 1 

From the angle A draw 
the diagonals A C, AD : 
and from the homologous 
angle F, draw FH, FI. 

Now, since l3ie poly- 
gons are similar, the ho- 
mologous angles B and G 
will be equal, and the sides about the equal i 
tional (Def I ) : that is, 

4,8 : BC : : FG : OH. 

Hence, the triangles ABC and FGH have an angle in each 
equal, and the sides about the equal angles proportional: there- 
fore, they are similar (Th. xvii), and consequently, the angle 
A CB is equal to FHG. Taking these from the equal angles 
BCD and P"^ there will remain ACD erml to FHI. The 



igles propor- 
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two triangles ACD ami FHIv/ill then have an angle in each 
equal, and the sides iibout the equal angles proportional i hence, 
they will be similar. 

In the same manner it may be shown that the triangles 
AED and FKI are similiir : and, hence, whatever be the 
number of sides of the polygons, they may bo divided into an 
equal number of similar triangles. 



XXI. 

Similar polygons are to each other as the sqttares described o 
tJwir liomologmis sides. 

Let ABODE and FGNIK, be two siiiiilar polygons ; the 
will they be to each other 
as ilie squares described 
on AB, FG, or any other 
two homologous sides. 

For, let the polygons be 
divided, as in the last the- 
orem, into an equal num- 
ber of similar triangh 




Then, by Thee 



XIX,' 



the t) 






ABC : FGN : : AB' : FG' 
ADC : FIiY :: D(f ; IIP 
ADE : FIX ; ; DE^ : JK^ 
But since the polygons are similar, the ratio of the last 

cedent to its consequent, in each of the proportions, i 

same : hence, we have (Bk. III. Th. xii). 

ABC+ADC+ADE : FGN+FIN-hFIK : : AB"' : 

ihatis, ABCDE : FGNIK : : IS' : F&; 
Hence, the areas of similar polygons are to each otl 

the squares described on their homologous sides. 
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[ XXII. 

If similar polygons are inscribed in circhs, tkdr liomologo'u 
Hdes, and also their perimeters, will have the same ratio to each 
tker as the diameters of the circles in which (hey are inscribed. 

Let ABCDE, FGNIK, 
be two airailar figures, in- 
scribed in tbe circles whose 
diameters are AL and FM: 
tiien will each side, AB, 
BC, &c., of the one, be to 
the homologous side FG, GN, &c., of the other, as the 
diameter AL to the diameter FM. Also, the perimeter 
AB-lrBC-\-CD &c., will be to the perimeter FG+GN+Nf 
&c., as the diameter AL to the diameter FM. 

For, draw the two corresponding diagonals ^C, FN, as also 
the lines BL and GM. 

Then, the two triangles ACB and FNG will be similar 
{Th. xx) ; and therefore, the angle ACB is equal to the angle 
FNG. But, the angle ACB is equal to the angle ALB, and 
the angle FNG to the angle FMG (Bit. II. Th. ix) : hence, 
the angle ALB is equal to the angle FMG (Ax. 1 ) ; and since 
ABL and FGM are right angles (Bk. II. Th. x), the two tri- 
angles ALB and FMG will be equiangular (Bk, I. Th. xvii. 
Cor. 1), and consequently similar (Th, xv). 

Therefore, 

AB : FG :: AL : FM. 

Again, since any two homologous sides are to each other in 
the same ratio as AL to FM, we have (Bk. HI. Th, xii), 
AB+BC+CD &,c. ; FG + GN+NI &o. : : AL : FM 
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Sailor polygons inscribed in circles are to each other c 
squares of the diameters of the circles. 

Let ABCDE,FGNIK, 
be two polygons inscribed 
in the circles whose diam- 
eters are AL and FM; 
then will the polygon 
ABCDE, be to the poly- 
gon FGNIK as the square of AL to the square of FM. 

For, the polygons being similar, are to each other as the 
squares of their like sides (Th. xxi) ,■ that is, as AB^ to FG^. 

But, by tho last theorem, 




AB 



FG 



AL 



FM; 



therefore (Bk III. Th. xiii), 



consequently, 

ABCDE 



FGNIK 



AU 



FM . 



Sch. If any regular polygon, 
ABDEFG,^^ inscribed in a circle, 
and then the arcs AB, BE, &o., be 
bisected, and lines be drawn through 
these points of bisection, a new poly- 
gon will be formed having double the 
number of sides. It is plain that this 
new polygon will differ less from the circle than the first 
polygon, and its sides will lie nearer the circumference than 
the sides of the first polygon. 

If now, we suppose the number of aides to be continually 
sed, the length of each side will constantly diminish, 
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until finally the polygon wUl become 
equal to the circle, and the perimeter 
will coincide with the circumference. 
When this taltes place, the line CH, 
drawn perpendicular to one of the 
sides, will become equal to the radius 
of the circle. 




Thee. 



mfen 



THEOREM XXIV. 
s of drdes are to each oilier as their diamelers- 




Let there be two circles 
whose diameters are AI, 
and FM: then will their 
circumferences be to each 
Other as ^L to FM. 

For, suppose two similar polygose to be inscribed iii the 
circles ; their perimeters will be to each other as AL to FM 
(Tk. nil). 

Let us now suppose the arcs which subtend the sides of the 
polygons to be bisected, and new polygons of double the num- 
ber of sides to be formed : their perimeters will still be to 
each other as AL to FM, and if the number of sides be in- 
creased until the perimeters coincide with the circumference, 
we shall have the circumferences to each other as the diam- 
eters AL and FM. 

TTlEnllEJI SXV. 
The. are.as of circles are to each other as the. s'pian>..v of thei/ 
diameters. 
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each, otlior 



Let cliere be two circles 
whose diameters are AL 
and FM: then will their 
areas be to each other as 
the square of AL to tlie 
square of FM. 

For, suppose two similar 
circles : then will they be 
(Th, xxiii). 

Let us now suppose the number of sides of the polygons to 
be increased, by bisecting the arcs, until their perimeters 
shall coincide with the circumference of the circles. The 
polygons will then become equal to the circle, and henca, the 
areaa of the circles will be to each other as the squares of their 
diameters. 

Cor. Since the circumferences of circles are lo each other 
as their diameters (Th. xxiy), it follows, that the areas which 
are proportional lo the squares of the diameters, will also be 
proportional to the squares of the circumferences. 



The area of a regular polygon inscribed in a circle, is egu<^ to 
half tlie product of the perimeter and the perpendicular let faU 
from ilie centre on one of the sides. 

Let C be the centre of a circle cir- 
cumscribing the regular polygon, and 
CD a perpendicular to one of its sides : 
then will its area be equal to half the 
product of CD by the perimeter. 

For, from C draw radii to iho ver- 
tices of tlie angles, forming as many 
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es, of Cii 



equal triangles as ihe polygon has 
sides, in each of which the perpen- 
dicular on the base will be equal to 
CO. Now, the area of one of them, 
as ACB, will be equal to half the pro- 
duct of CD by the base AB i and the 
same will be true for each of the othei- 
triangles ; hence, the area of the poly- 
gon will bo equal to half the product of CD by the perimeter. 




THEOREM XXVII. 

The area of a circle is equal to half ihe product of the radius by 

the oircu«^fer.nce. 

Let C be the centre of a circle : 
then will its area be equal to half the 
product of the radius ^40 by the cir- 
cumference ABE. 

For, inscribe within the circle a 
regular hexagon, and draw CD perpen- 
dicular to one of its aides. Then, 
the area of the polygon wilt be equal to half the product of 
CD multiplied by the perimetev (Th. xxvi). 

Let us now suppose the nuinber of sides of the polygons to 
be increased, until the perimeter shall coincide with the cir- 
cumference ; the polygon will then become equal to the circle, 
and the perpendicular CD to the radius CA. Hence, the area 
of the circle will be equal to half the product of the radius by 
[he circumference. 
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PROBLEM I. 

To divide a line into any proposed number of equal parts. 
Let AB be the line, and let it be 
required to divide it into four equal E-^'- 



Draw any other line, AC, forming /-— ■ ' ■- — ^^ — - ■ ' ■ ■■■ p 
an angle with AB, and take any dis- 
tance, as AD, and lay it off foiu- times on A C. Joivi C and B, 
and through the points D, E, and F, draw parallels to CB. 
These parallels to BC will divide the line AB into parts pro' 
portional to the divisions on AC (Th. xiii) : that is, into equal 

phoblem ji. 
To find a third proportional to two given lines. 
Let A and B be the given lines. 
Make AB equal to A, and draw 
AC, malting an angle with it. On 
AC lay off AC equal to B, and join 
BC: then lay off AD, also equal 



t, and through D draw DB parallel to BC : then will 
be the third proportional sought 

For, since DE is parallel to BC, we have {Th. xiii). 
AB : AC : : AD or AC : AE ; 
therefore, AE is the third proportional sought, 
10 
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Pr 



PROBLEM 111. 
To find a fourth proportional to the lines A, D, i 
Place two of the lines forming an 
ngle with each other at A ; that is, 
make AB equal to A, and AC equal 
B; also, lay oiT AD equal to C. 
Then join BC, and through D draiv 
DE parallel to BC, and AE will be the fourtli proportional 
sought. 

For, since DE is parallel to BC, we hai'e 

AB : AC : : AD : AE ; 
therefore, AE is tlie fourth proportional sought. 



To find a ■mean proporlional hetween two given lines, A and 1 

Make AB equal to A, and 
BC equal to B : on AC de- 
scrihe a semicircle. Through 
B draw BE perpendicular to 
AC, and it will be the mean proportional sought {Th. xviii. Cor). 



To make a square vikich shall be equivalent to the sum of tv>o 



given squares. 

Let A and B be the sides of the 
given squares. 

Draw an indefinite lino AB, and 
make AB equal to A. At B draw V— _J. 

BC perpendicular to AB, and maki 
BC equal to B : then draw A C, and the square described 
A C will be equivalent to the squares on A and B (Th. xii). 



□ 
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mOBLEJI VI. 






To make a square which shall be equivalen 


t to the lUffe 


fence he- 


tween two given square. 






Let A and B be the sides of 




a 


the given squEires. ^ 


— \B 


Draw an indefinite line, and f 


A\ 


□ 


make CB equal to A, and CD ^ 


^B- 



perpendicular to CB and with C as a centre, and CB as a 
radius, descr be a seia c rcle meeting DE in E, and join CE: 
then will tl b i are desc bed on ED be equal Ui the differ- 
ence betwee ike g en sq lares. 

For, CE s eq al t CB, that is, equal to A, and CD is 
equaJ to S and b> (Th x . Cor.), 

PEOBLEM VII. 
To make a triangle which shall be equivalent to a given quad- 
rilateral. 

Lei -AS CD be the given quadri- 
lateral. 

Draw the diagonal AC,3.ad. through 
D diaw DE parallel to ^C, meeting 
BA produced at E. Join EC: then will the triangle CEB 
be equivalent to tlie quadrilateral BD. 

For, the two triangles A CE and ADC, having the same base 
AG, and the vertices of the angles D and E in the same line 
DE parallel y3 AC, are equivaleni; (Th, ii). If to earh, we 
add ACB, we shall then have the triangle ECB equal to the 
quadrilateral BD (Ax. 2). 
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PROBLEM Vm. 
To make a triangle which shall be equivalent to a given polygon. 

Let ABCDE be the polygon. 

Draw the diagondlt, \D, BD. 
Produce AB iii both diieciions, 
and through C and E diaw CG 
and £f, respectneh parallel to 
AD and BD then join FD and 
DG, and the triangle FDG will be equivah 
ABCDE. 

For, the triangle ABE is equivalent to the triangle DAF, 
and DBC to DBG (Th. ii); and by adding ADB to the 
equals, we shall hare the triangle FDG equivalent to the 
polygon ABCDE. 




o the polygor 



PROBLEM IX, 
To make a rectangle that shall be e/pdriahnt to a given trianglt 

Let ABC be the given triangle. 

Bisect the base AB at D, and draw 
ZJfl" perpendicular to AB. Through C, 
the vertex of the triangle, draw CIIG 
parallel to AB, and draw BG perpen- 
dicular to it: then will the rectangle 
DG be equivalent to the triangle ABC. 

For, the triangle would be half a recti 
oase and altitude : hence, it is equivalei 
the same base and the same altitude. 



igle having the same 
to DC, having half 
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PttOELEM X. 




Bisect any two sides of the polygon 
by the perpendiculars GO, FO, and 
with their point of intersection 0, as a 
centre, and OG as a radius describe 
the circumference of a circle — this 
circle will touch all the sides of the 
polygon. 

For, draw OA. Then in the two right angled triangles OA G 
and OAF, the side AO is common, and ^G is equal to AF, 
since each is half of one of the equal sides of the polygon : 
hence, OG is equal to OF(Bk.I.Th. xix). In the some man- 
ner it may be shown that OH, OK and OL are all equal to 
each other : hence, a circle described with the centre O and 
radius OF wiil he inscribed in the polygon. 

Cot. Hence, also tlie lines OA, ON &c., drawn to the 
angles of the polygon are equal. 



4FPENDIX 



CULAR POLi' 



1. In a regular polygon the angles are all equal to each 
other {Def. 3). If then, the sum of the inward angles of a 
regular polygon be divided by the numher of angles, the quo- 
tient will be the value of one of the angles. 

But the sum of the inward angles is equal to twice as many 
right angles, ivanting four, as tlie polygon has sides, and we 
shall li«d the value in degrees by simply placing 90° for ihe 
rigiit angle. 

10' 
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3. Thi;s, for the sum of all the angles of an equilateral 
triangle, we have 

6X90°— 4X90''=540''-360° = 130'' 
and for each angle 

180='^3 = 60=': 
Hence, each angle of an equilateral triangle, is equal to 60 
degrees. 

3. For the sum of all the angles of a sqnare, we have 

8 X 90°— 4 X B0°^720'— 360°=360°. 
and for each of the angles 

360° -^4=90° 

4. For the sum of all the angles of a regular pentagon, we 

10 X 90°— 4 X 9O'':=900''-360°=54O°, 
and for each angle 

540''-5z::108". 

5. For the sum of all the angles of a regular hexagon, we 

12x90° — 4X90''^1080'' — 360^^730°, 
and of each angle 

720°^ 6^130°. 
0. For [he sum of the angles of a regular heptagon, we 

14x90°— 4x90' :^ 1260°— aeo'z^soo": 
and for one of the angles 

900°-^7^128° 34' + . 
7. For the sum of the angles of a regular octagon, we have 
16 X 90° — 4 X 90°- 1440° — 360°^1080° ; 
and for each angle 

1080''-8=135°. 
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Polygon: 



8. Smce the sum of the angles about auy point is equal to 
four light angles (Bk. I. Th. ii. Cor, 3), it may be observed tba 
there are only three kuids of regular polygons, which can be 
arranged around any point, as C, so as exactly to fill up t.lie 
apace. These are, 



First. — Six equilateral triangles, i 
which each angle about C is equal t 
60°, and their sum to 




Secoml—Four squares. 


n w]iich 


ch angle is eqiml to 90°, 


^nd their 


mlo 




90°x4:z^360= 





c 



Third. — Tlireo hexagons, ivi 
wh!t;h each angle is equal 'o 
130, and the sum of the three 




dhy Google 



G- E O M E T R Y . 



1 . A straight line is perpendiculaT to a plane, when it is per- 
pendicular to every straight line of the plane which it meets. 
The point at which the perpendicular meets the plane, ia 
called the /oof of the perpendicular, 

2. If a straight line is perpendicular to a plane, tho plane 
is also said £o be perpendicular to the line. 

3. A line is parallel to a plane when it will not meet that 
plane, to whatever distance both may be produced. Con- 
versely, the plane ie then parallel to the line. 

4. Two planes are parallel to each other, when they will 
not meet, to whatever distance both are produced. 

5. If two planes are not parallel, they intersect each other 
in a line that is common to both planes : such line is called 
their cwnmon intersecUon. 

6. The angle, or inclination of two planes, is measured by 
wo lines, one in each plane, and both perpendicular to the 

common intersection at the same point. 

This angle may be acute, obtuse, or a right angle. When 
it is a right angle, the planes are said to be perpendicular to 
each other. 
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LstAL le 1 plane c il g with 
the plane ot the p^pi^r and ECF a 
plane i te reeling it in the 1 le FC. 
Now, if from any point of the common 
intersection as C, we didw CD m the 
plane AB, and CE in tie plane ECF, 
and both perpendicular to CF at C, 
then will the angle DCE measure the inclination between 
the two planes. 

It should be remembered that the line EC is direetly over 
the line CD. 



\-7 


n 


V 





7. A solid angle is the angular space 




included between several pianos moot- 


k 


ing at the same point. 


^/l\ 


Thus, the solid angle S is formed , 


y /' 


by the meeting of the planes ASB, /y 


// 


BSC, CSD, DSA. / 


// 


Three planes, at least, are requisite A 


B 


to form a solid angle. 





THEOREM I. 
Tv>o Straight lines which int&rsect each other, lie m the smne 
plane, and determine its position. 
Let jiBandACbe two straight lines 
which intersect each other at A. /i 

Through AB conceive a plane to be y^ \ 

passed, and let this plane be turned -o/ \c 

around AB until it embraces the point y \ 

C: tlie plane will then contain the two 

lines AB, AC, and if it be turned either way il will depart 
from the point C, and consequently from the line A C. Hence, 
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UiH position of the plane is deterjTiiiied 
by the single condition of containing 
ihe two straight lines AB, AC. 

Cor. 1. A triangle ABC, or three 
points A, B, C, not in a straight line, 
delermme the position of a plane. 

Cot. 2. Hence, also, two parallels 
AB, CD determine the position of a 
plane. For drawing EF, we see that 
the plane of the two straight lines AE, 
EF is that of the parallels AB, CD. 




A perpendicular is the shortesi line vihich can he d. 
point to a plane. 

Let j1 be a point above the plane 
DE, and AB a line drawn perpen- 
dicular to llie plane : then will AB be 
shorter than any oblique Une AC. 

For, through B, the foot of the per- |^ — 

pendicular, diaw BC to the point 
where the oblique line AC meets the 

Now, since AB is perpendicular to 
the plane, the angle ABC will be a 
right BJigle (Dcf. 1.), and consequently less than i 
therefore, AB, opposite the angle C, will he le! 
opposite the angle B (Bk, L Th. xi). 



e angle C. 
than AC, 
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Cot. Ic is evident that if several lines be drawn from the 
point A to the plane, that those which aie nearest the perpen- 
dicular AB, will be less than those more remote. 

Sch. The distance from a point to a plane is measured on 
the perpendicular ; hence, when the distance only is named, 
the shortest distance is always imderatood. 



THEOREM III, 

The common intersection of two pli 
Let the two planes AB, CD, c«t 
each other. Join any two points E 
iind F, in the common intersection, 
by the straight line EF. This line 
will lie wholly in the plane AB, and 
also wholly in the plane CD {Bk. I. 
Def. 7) i therefore, it will be in both 
planes at once, and consequently, is 
their common 




A straight line which is perpendicular to two straight lines at 
their point of intersection, mil he perpendiealar to the plane of 
those lines. 

Let the line FA be perpen- 
dicular to the two lines AD, 
AB : then will it be perpendic- 
ular to the plane BC which con- 

For, if AP is not perpenclicular 
to the plane BC, suppose a plane 
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to be drawn through A, that shall 
be perpendicular to AP. 

Now, every line drawn, tlirougli 
A, and perpendicular to AP, 
will be a line of this last plane 
(Def. 1): hence, this last plane 
■will contain the lines AB, AD, 
and conseciuently, a line which is 
at the point of intersection, will h 
of those lines. 



A 



perpendicular to two lines 
3 perpendicular to the plane 



If two straight lines are perpendicular to the 
will be parallel to each other. 

Let the two lines AB, CD, be 
perpendicular to the piano EF ; 
then will they be parallel to each 

For, join the points B and D, 
m which the lines meet the 
plane EF. 

Then, because the lines AB, CD, are perpendicular to the 
plane EF, they will be perpendicular l» the line BD 
(Def. 1); and since they are both contained in the plane 
ABDC (Th. ii. Cor, 2), they will be parallel to each other 
(Bk. I. Th.siiiCor.) 

Cor. If two lines are parallel, and one of them is perpen- 
dicular to a plane, the other will also he perpendicular to tho 
.am= plme. 



1 


I 


F 










7 
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THEOREM VI. 

If Ivw planes intersect each other at right a 
he drawn in one plane perpendicular to the com 
this line toill be perpendicular to the other plans. 

Let the plane FB be perpea- 
diciilar to MN, and AP be drawn 
ia tlie plane FE, and perpen- 
dicular to the common intersec- 
tion DE: then will AP he per- 
pendicular to the plane MN. 

For, in the plane jlfiV draw 
CPperpendicularto the common 
intersection SE. Then, because the planes MN and FE are 
perpendicular to each other, the angle APC, which measures 
their inclination, wiH be a right angle (Def. 6). Therefore, 
the line AP is perpendicular to the two straight lines F C aad 
PD; hence, it is perpendicular to their plane MN (Th. iv)' 

THEOEEJI Vir. 

e intersects another plan 

same side will he equal 

i GEF intersect 

;n the line FE : 

I of the two r 
angles on the same side be equal -W — 

to two right angles. | 

For, from any point, as E, in 
the common intersection, draw 
the lines E& and DEC, one in each ph 
diculai to the common intersection at E 
aiafees, with the Hne DEC, uvo an;;le 
11 



Tfonejdan 

the san 

Let the plan 

the plane AB i 

then will the t 



the sum of the angles 
lino right angles. 



e, and both, perpeii- 
Then, the Una GE 
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Of PI: 



13 on the 






equal lo two right angles (Bk I. 

Th. ii): but these ang 

the inclination of the pli 

fore, the sum of the an 

same side, which 

with each other, 

right angles. 

Cot. In lilts m 
■which intersect each other h; 
angles equal. 



equal I 



it may be demonstrated, that planes 
theii' vertical or opposite 



Two plan 



THEOREM Vin. 

! which are perpendicuiar to the sa 
parallel to each oilier. 



-c: 



Let the planes UN and FQ, 
be perpendicular lo the line AB: q 
then will they he parallel. 

For, if ihey can meet any 
where, let be one of their 
their common points, and draw 

OB, in the plane PQ, and OA, 

in the plane JlfJV. '^ 

Now, since AB is perpendicular to both planes, it will 
be perpendicular to OB and OA (Def. 1) : hence, the ti'iangle 
OAB will have two right angles, which is impossible (Bk. I. 
Th. xvii. Cor. 4) ; therefore, the planes can have no point, as 
and consequently, they are parallel (Def. 4). 



If.,Un 



THEOREM IX. 
s two parallel planes, the lines of intersection v. 
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Let the parallel planes AfjVaitd 
PA be interaected by the plane 
EH.' then will the lines of 
section EF, GH, be parallel. 

For, if the lines EF, GH, 
not parallel, they would meet each 
other if sufficiently produ 
they lie in the same plane. If this 
were so,tLepIanesJlfjV,P^, would 
meet each other, and, consequently, could 
which would be contrary to the supposition. 




THEOREM X. 

Jf two lines are parallel to a third line, though not in the 
plane mtli it, they taill be parallel to each other. 

Let the lines AB and CD be each 
parallel to the tMrd line EF, though 
not in the same plane with it : then 
will they be parallel to each other, 

I'or, since EF and CD ai'o pnrallel, 
tliey will lie in the same plane FC 
(Th. i. Cor. 2), and AB, EF will also 
lie in the plane EB. 

At any point, <?, in tlie line EF, let GT and GH be drawn 
in the planes FC, BE, and each perpendicular to FE at G. 

Then, since the line EF is perpendicular to the lines GH, 
GI, it will be perpendicular to the plane HGI (Th. iv). And 
since FE is perpendicular to the plane HGI, its parallels 
AB and DC will also be perpendicular to the same pkne 
(Th. v). Hence, since the two lines AB, CD, are both per- 
pendicular to the plane HGI. they will be parallel to each other. 



I 1 

G 

/ 


\ 


r 


D 
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THEOEEM XI. 

If two angles, not situated in tlw same plane, have tlteir sides 

parallel and lying in the same direction, the angles will he 

Lef Ike angles ACE and BDF 
have the sides AC parallel to BD, r^''^~~^ 

and CE to DF : then will the angle ^ / '^^'^"---^^ 

AGE be equal to the angle BDF. 

For, make AC eq^iial to BD, and 
CE equal to DF, and join AB, CD, 
and EF; also, draw AE, BF. 

Now since AC is equal and par- 
allel to BD, the figure AD will he a 
parailelogram {Bk. I. Th. xxv); there- 
fore, AB is equal and parallel to CD. 

Again, since CE is equal and piralkl to DF, CF will be 
a parallelogram, and .Ei'" will be eqoal and parallel to CD. 
Then, since AB and EF are both parallel to CD, they will 
be parallel to each other (Th. x) , and since thpy ai'e each . 
equal to CD, they will be equal to each other Hence, the 
figtire BAEF is a parallelogram (Bk I Th \xv), and conse- 
quently, AE is equal to BF. Hence, the two inangles ACE 
and BDF have the three sides of the gup equal to the three 
sides of the other, each to each, and theiefoie Ihp ^ngle ACE 
is equal to the angle BDF (Bk. I. Tli Mil) 




// two planes , 
to the I 



THEOREM XII, 



'e parallel, a straight line vjhich is perpeniliciilar 
e will aha be perpendicular to the other. 



dhy Google 



BOOK V . 



Of PI 



\. 


"7>\ 




J\' 


\ 


\ 


\ ' 


u. 



Let MN and PQ be two par- 
allel planes, and let AB be per- 
pendicular to MN : then, will it 
be perpendicular to PQ. 

For, draw any line, B C, in the 
plane PQ, and through the lines 
AB, BC, suppose the plane 
ABC to be drawn, intersecting 
Jie plane MN in the line AD: then, the intersection AD wiU 
be parallel to BC (Th. ix). But since AB is perpendicular 
to tlie plane NM, it will be perpendicular to the straight line 
AT), and consequently, to its parallel BC (Bk. I. Th. xii. Cor.) 

In like manner, AB might be proved perpendicular to any 
other line of the plane PQ, which Ehould pass thro\igh B ; 
Qeiice, it is perpendicular to the plane (Def. 1). 

11» 
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BOOK VI. 



OF SOLIDS. 



1. Every solid bounded by planes is cail^i'a.jjoli/cdri)}i. 

2. The planes wliich boiiaci a polyedroii are called faces. 
The straight lines in which the faces intersect each other, 
are called the edges of the polyedron, and the points at which 
the edges intersect, are caOed the vertices of the angles, or 
vertices of the polyedron. 

3. Two polyedrons are similar, when they are contained 



by the same number of similar plane 
equally inclined to each other. 

4. A prism is a solid, whose ends 
are equal polygons, aiid whose side 
faces are paraUelograms. 

Thus, the prism whose lower base 
is the pentagon ABODE, terminates 
in an equal and parallel pentagon 
FGHIK, wliich IS called the uppei 
base. The side fuccs of tlie pii'jm 
are the pamllelogiBms DB DA, EF 
A G, and BE. These are called tlio 
of the prism. 



, similarly situated, and 




or lateral surface 
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5. The altitude of a prism is the distance between its upper 
and lower bases ; that is, it is a lino drawn from a poiat of the 
upper base, psvpendicular, to the lower base. 



6, A light prism is one in which 
/he edges AF, BG, EK, HC, and 
i>7, are perpendicular tjj tlie bases. 
In the right prism, either of the per- 
pendicular edges is ecina! to the 
altitude. In the oblique prism the 
altitude is less than the edge. 



\ 






> 










K 


..-K 


y 









, triangli 



7. A prism whose baso is 
prism ; if tlie base is a quad; 
prism ; if a pentagon, 
hexagonal prism ; &lc. 



8. A prism whose base is a parallelo- 
gram, and all of whose faces are also 
parallelograms, is called a parallelopipe- 
don. If all the faces are rectangles, it is 
called a rectangular para lie 'opipe don 



9. If the faces of the rectangular par- 
allelopipedon are squares, the solid is 
called a cube: hence, the cube is a prism 

bounded by six equal squares 



is called a triangular 

called a quadrangular 

prism; if a hexagon a 



\ 


i\ 










\ 


- 










\ 




\ 








\ 




\l 
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10. A pyramid is a solid, fovined by 
several triangles imited at the same 
point S, and terminating in the diSer- 
nl aides of a polygon ABODE. 
The polygon ABODE, is called the 
base of the pyramid ; the point S, is 
called the vertex, and the triangles 
AS3, BSG, CSD, DSE, and JSSA, 
form its lateral, or convex surface. 




11. A pyramid whose base is a triangle, ia csllcd a triatir 
gular pyramid ; if the base is a qnadrangle, it is called a 
quadrangular pyramid ; if a pentagon, it is called a petagonal 
pyramid; if the base is a, hexagon, it is called a hexagonal 
pjiaroid; &c. 



12. The oWte(fe of apyramid.is the 
perpen licular let fall from the vertex, 
upon the plane of the base. Thus, 
SO is the altitude of the pyramid 
S— ABODE. 




13. When the base of a pyramid is a regular polygon, ana 
the perpendicular SO passes through the middle point of the 
base, the pyramid is called a regular pyramid, and the linp 
SO is called the o«w. 
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14. The slant height of a regular 
pyramid, is a line drawn from the ver- 
tex, perpendicular to one of the sides 
of the polygon which forms its base. 
'I'iiiis, SF is the slant height of the 
pyramiJ S—ABCDE. 




1 5. If from the pyramid S-ABCDE 
the pyramid S — abcde be cut off by a 
plane parallel to the base, the remain- 
ing solid, below the plane, is called 
the Jrustum of a pyramid. 

The altitude of a frustum is the per- 
pendicular distance between the upper 
and lower planes. 




16. A Cylinder is a sol.d, described bi 
the revolution of a rectangle, AETI) 
about a fixed side, EF. 

As the rectangle AEFD, turns iround 
the side EF, like a door upon, its hmges 
the lines AE and FD describe cirtl s 
and the line AD describes the convex sar 
face of the cylinder. 

The circle described by the line AE, is 



base of the cylinder, and the c 
the -upper base. 



e described by DF, is called 
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The immovable line EF is called tlie axis of the cylinder. 
A cylinder, therefore, is a roimd body with circular enda. 



17. If a plane be passed through the 
axis of a cylinder, it wiU intersect it in a 
rectangle, PG, which is double the re- 
volving rectangle EB. 



18. Il'a cjlmdei he cit h) jl le j t 
allel to die base, the section will be cii 
cle equal to the base. For while the 
fiide FC, of the lectangle ¥C descnbes 
the lower ba^e, the equal side MP will 
describe the circle MLKN eqyal to the 
lower base. 




19. If a poljgon be mscnbed m tlip 
Jower base of a cyhnder, and a cones 
ponding polygon be m^icnbed in the upper 
base, and their vertices be joined by 
straight lines, the pnsm thus formed js 
said to be inscriJnl m the cilmrl"! 
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20. A cone is a solid, described by 
the revolution of a ligtit angled triangle, 
ABC, about one of its sides, CB 

The circle described by the reTolving 
side, AB, is caUed the hose of the cone 

The hypothenuse, AC, is called the 
slant height of the cone, and the surface 
deacrihed by it, is called the convex 
surface of the cone. 

The side of the triangle, CB, which i 




the attns, or altUude of the 
of the cone. 

31. If a cone be cut by a plane par- 
allel to the base, the section will be a 
circle. For, while in the revolution of 
the right angled triangle SAC, the line 
CA describes the base of the cone, its 
parallel FG will describe a circle 
FKHI, parallel to the base. If from 
the cone S— CDS, the cone S—FKH 
be taken away, the remaining part is 
called the frustvin of the cone. 

33. If a polygon be inscribed 
in the base of a cone, and straight 
lines be drawn from its vertices 
lo the vertex of the cone, the pyra- 
mid thus formed is said to be in- 
scribed in the coae. Thus, the 
pyramid S—ABCD is JBScribecl in, 
the cone. 



1 the point C, the i 
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23. Two cylinders are similai", when the diameteis of their 
bases aie proportional to thoir altitudes. 

24. Two cones are also similar, when the diameters of their 
bases are proportional to their altitudes. 

25. A sphere is a solid terminated hy a curved surface, all 
the points of which are equally distant from a certain point 
within called live centre. 



26. The sphere may be described 
by revolving a semicircle, ABD, 
about the dia^neter AD. The plane 
will describe the solid sphere, and 
the semicircumference ABD will 
describe the surface 



37. The radius of a spher 
line draw^. from the centre 
point Ci the circumference. 



28 The Jiamele) of a 'ii 
a line passing tliiough the 
and terminated by the cncumfer- 
ence Thus, AD ii a diameter 



.i^ 



; (. 
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39. All diameters of a sphere a 
jacli is double a radius. 



sack other ; anci 



30. The axis of a sphere is any line about which it re- 
volves ; and the points at which the axis meets the surface, 
are called the poles. 



3 1 . A plane is tangent to a spher 
■when it has but one point in con 
mon with it. Thus, AB is a tar 
gent plane, touching the sphere at 1 






33. A zone is a porlioa of the s 
face of a sphere, included be e 
two parallel planes which for s 
bases. Thus, the part of the surface 
included between the planes iE 
and DF is a zone. The b cs of 
this jone are the two circles o&e 
diameters are AE and DF. 




33. One of the planes which 
bound a zone raa> becomu tangmt 
to the sphere, m which case the 
zone will have but one ba'-e Thus, 
if one plane be tanaent to the -jphere 
at A, and another plane cut it m the 
circle DF, the zone inchuled be- 
tween them will h^^e but one bise 
I? 
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34. A spherical segment is a portion of the solid, sphere i 
eluded between two parallel planes. These parallel plam 
are its bases. If one of the planes is tangent to the apher 
he segment will have biit one hase. 



35. The altitude of a zone or se^ 

ween the parallel planes which farii 



5 tlic dislar 



rilEOILEM I. 

The convex surface of a right prism is equal to the perimeter of 
its base trmltiplied by its altitude. 
Let ABCDE—K be a right ^ 

prism : then will its convex surface 
be equal to 
{AB-it-BC+CD^DE^-EA)xAF. 
For, the convex surface is equal 
to the sum of the rectangles AG, 
BH, CI, DK, and EF, which com- 
pose it ; and the area of each is equal 
to the product of its base by its alti- ^ ^ 

tude. But the altitudes are equal Xo the altitudes of the prism; 
hence, their areas, that is, the convex surface of the prism, is 

i^AB-\-BC+CI)+I)E-{-EA)y.AF; 
that is, equal to the perimeter of the base of the prism multi- 
plied by its altitude. 




,u,f„, of a 
its hase 



TlIEOaEM II. 
I -Under is equal to the eir 
nui '-vlied by its altitude. 



■imference of 
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Let DB be a cylinder, and AB tlie 
diameter of its base : the convex sur- 
face will tien be equal to liie altitude 
AD mTiltiplieii by the circumference 
of the base. 

For, suppose a regular prism to be 
inscribed witbin the cylinder. Then, 
the conves sarface of the prism will be 
equal to the perimeter of the base mul- 
tiplied by the altitude (Th. i). But the alt f 
is the same as that of the cylinder ; and if 
sides of the polygon, which forms the ba 
be indefinitely increased, the polygon will 1 e 
(Bk. IV. Th. xxv), in which case, its perimeter will become the 
circumference, and the prism will coincide with the cylinder. 
But its convex surface is still equal to the perimeter of its base 
midtiplied by its altitude : hence, the convex surface of a cylin- 
der is equal to the circumference of itshasem^dtiphedbyit3al- 
^" ^' THEOREM 111. 

In every prism the sections formed hy plan 
are equal polygons. 

Let AG he any priam, and IL a sec- 
tion made by a plane parallel to the 
b^e AC: then will the polygon IL 
be equal \o AC, 

For, the two planes AC, IL, beiiig 
parallel, the lines AB, IK, in which 
they intersect the plane AF, will also 
be pai-allel (Bk. V. Th. ix}. For a 
liko reason, BC and KL will bo par- 



( parallel to the base 
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aJlel; also, CD will be parallel to LM, 
and AD to IM. 

But, since AI and BK are parallel, 
tlie figure AK will be a parallelogram : 
hence AB is equal to IK (Bk. 1. 
Th, xxiii). In the same way it may be 
shown that BG is equal to KL, CD to 
LM, and AD to IM. 

But, since the sides of the polygon 
^C are respectively parallel to the 
sides of the polygon IL, it follows that their corresponding 
anglea are equal (Bk. V. Th. xi), viz., the angle A to the angle 
/, the angle B to K, the angle C to L, and the angle M to D ; 
hence, the polygon IL is equal to A C. 

Sch. It was shown in Definition 18, tliat the section of a 
cylinder, by a plane parallel to the base, is a circle equal to 
the base. 



\ 




\ 


% 




\ 
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\ 
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n 



If a pyramid be cut by a plane parallel to the base, 

I. The edges and altitude will be divided proportionally. 

II. The section mil be a polygon similar to the base. 
Let the pyramid S— ABODE, of 

which SO is the altitude, be cut by the 
plane abcde parallel to the base : then 



Sa 



SA 



Sb- 



SB, 






and the same for the other edgi 

the polygon abcde will be similar to iht 

base ABCDE. 

F'rsl. Since the planes ABC and ab^ 
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are parallel, tlieir intersections, AB, ah, by the plane SAB, 
will also be parallel (Bk. "V. Tk. ix) ; hence, tlie triangles 
SAB, sab, are similar, and wo have 

SA : Sa : : SB : Sb ; 
(or a similar reason, "wo have 

SB : Sb :: SC : Sc; 

and the same for the other edges : hence, the edges SA, SB, 
SC, &.C., are cut proportionally at the points a, i, c, &c. 

The altitude SO is likewise cut proportionally at the point 
o; for, since BO is parallel to ho, we have 

SO : So :: SB : Sb. 

Ssoondly. Since ah is parallel to AS, be to BC, cd to CD, 
&c. ; the angle abc is equal to ABC, the angle bed to BCD, 
and so on (Bk. V. Th. si). 

Also, by reason of the similar triangles, SAB, Sah, we have 



s SBC, Sbc, we hai 



hence (Bk. III. Th. v}, 



Hence, the polygons ABCDE, abcde, having their angles 
respectively equal, and their homologous sides proportional, 
are similar. 
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If two pyramids, having equal altitudes and their hoses in the 
same plane, be intersected % planes parallel to the plane of tlie 
bases, the sections in eachpyramid mill he proportional to the bases 

Let S— ABODE, and 
S—XYZ, be two pyra- 
mids, having a common 
vertex, and their bases sit- 
uated in the same plane. 
If these pyramids are cut 
by a plane parallel to the 
plane of their bases, giv- 
ing the sections abode, 
xyz, then will the sections 
abode, xyz, be to each other as the bases ABODE, XYZ. 

For, the polygons ABODE, ahcde, being similar, their sur- 
faces are as the squares of the homologous sides AB, ab ; 




but 



AB 



SA 



Sa; 



XYZ : xyz :: SX' : Sx\ 
i abc and xyz are in one plane, the lines SA, Sa, 
are proportional to SO, So : therefore. 



SA 



SX 



Sx; 



hence, ABODE : abode : : XYZ : xyz. 
consequently, the sections abode, xyz, are to each other as the 
bases ABODE, XYZ. 

Oor. If the bases ABODE, XYZ, are equivalent, any sec- 
tions ahcde, ixyz, made at equal distances from the bases, will 
be also equivalent. 
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The conves: surface of a regular pyramid is equal to half tlie jiro- 
duel of tlie perimeter of its hose multiplied by the slant height. 

Let S — ABCDE be a regular pyra- 
mid, SF its slant height : thea will its 
convex surface be equal to half the 
product 
SFx{AB+BC-\-CD+DE+EA). 

For, since the pyramid is regular, the 
point 0, in which tlie axis meets the 
base, is the centre of the polygon 
ABCDE; hence, the lines OA, OB, 
&c. drawn to the vertices of the base, 
are equal (Bk. IT. prob.x.Cor). 

Now, in the right angled triangles SAO, SBO, the bases 
and perpendiculars are equal : hence, the hypothenuses are 
equal; and in the same way it maybe proved that all the 
edgea of the pyramid are equal. The triangles, therefore, 
which form the convex surface of the prism, are all equal to 
each other. 

But the area of either of these triangles, as SAB, is equal 
to half the product of the base AB, by the slant height of the 
pyramid SF: hence, the area of all the triangles, which form 
the convex surface of the pyramid, is equal to half the producl 
of the perimeter of the base by the slant height. 




THEOREM VII, 



The convex surface of the frustum of a regular 
equal to half the sum of the perimeters of the upper and lowet 
bases muUiplieif b./ the slant height. 
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Leto — ABCDE be the fmstiim of a 
regular pyramid ; then will its convex 
surface be equal to half the product of 
the perinieter of lis two bases multi- 
plied by the slant height Ff. 

For, since the upper base ehcde, is 
similar t« the lower base ABCDE 
(Th. iv), and since ABCDE is a regular polygon, it follows 
that Ihe sides ah, be, cd, de, and ea, are all equal to each other. 

Hence, the trapezoids BAae, ABba, &c., which form the 
convex sraface of the frustum are equal. But the perpen- 
dicular distance between the parallel sides of these trapezoids 
is equal to Ef, the slant height of the frustum. 

Now, the area of either of the trapezoids, as AEea, is equal 
to half the product of Ffx {EA-k-ea) (Bk. IV. Th, x): hence, 
the area of all of them, that is, the convex surface of the 
frustum, is equal to half the sum of the perimeters of the 
upper and lower bases, multiplied by the slant height. 



THEOEEM VllJ. 

The convex surface of a cone is equal to hcUf the product of the 
circumference of the hose muUipliei hy ilie slant Jmght. 

In the circle which forms the base 
of the cone, inscribe a regular poly- 
gon, and join the vertices with the 
vertex S, of the cone. Wc shall 
then have a regular pyramid in- 
scribed in the cone. 

The convex surface of this pyra~ 
mid will be equal ' 
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of the perimeter of the base by the 
slant height (Th. vi). 

Let us now suppose the number 
of sides of the polygon to be indefi- 
nitely increased : the polygon will 
then coincide with the base of the 
cone, the pyramid will become the 
cone, and the line Sf, which meas- 
ures the slant height of the pyramid, 
will then measure the slant height 
of the cone. 

Hence, the convex surface of the c( 
product of the slant height by the circi 




equal to half the 
cnce of the base. 



The convea: mirface of tlmfrustwn of a eonr w ejuil to half 
the sum of the circumferences of its two bases multjjhcd iff Iht 
slant height. 

For, if we suppose the frustum of 
a regular pyramid to be inscribed in 
the frustum of a cone, its convex 
surface will be equal to half the pro- 
duct of its slant height by the perim- 
eters of its two bases. But if we 
increase the number of sides of the 

polygons indefinitely, the frustum of the pyramid will become 
the frustum of the cone : hence, the area of the frustum of the 
cone is equal to half the sura of the circumferences of its two 
bases muUiplied by the slant height. 
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Two rectangala'f parallelopipedons, Jiaving equal altitudes and 
equal bases, are equal. 

Let E—ABCD, and F—KGHI, be two rectangular par- 
all eiopipedons having equal 
bases, AC and KH, and equal 
altitudes, AE and KF: then 
will they be equal. 

For, apply the base of the 
one parallelopipedon to that 
of the other, and since the bases are equal, they will coincide. 

Again, since tlie edges are perpendicular to the bases, the 
edges of the one parallelopipedon will coincide with those of 
the Other; and since the altitude AE is equal to KF, the 
planes of the upper bases will coincide. Hence, the paral- 
lelopipedons will coincide, and consequently they are equal. 
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THEOREM XI. 

Two rectangular paraUehpipedons, which have the si 
to each other as their altitudes. 



Let the parallelopipedons AG, AL, 
have the same base BD, then will they 
be to each other as their altitudes AE 



AL 



tide-, iE Al 



Suppose the altit 
be to each olhei as two whole nuin 
bers, as 15 is to 8 foi example Di 
Tide AE mto 15 cpiJ p t-5 wherecf 
AI will contam 8 an 1 ihio _,h i y 
&c., the pomts ot division li i v pi ui 
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parallel to the base. These plsines 
will ci.t the Bolid^G into 15 partial 
parallelopipedons, all equal to each 
otker, because they have equal bases 
and equaj altitudes — equal bases, since 
every section, IL, made parallel to 
the base BD, of a prism, is equal 
to tiiat base ; equal altitudes, because 
the altitudes are tlie equal divisions Ax, 
xy, yz, &c. Biit of ihose 1 5 equal par- 
allelopipedons, 8 are contained in^L; 
hence, solid, AG : solid AL : : 
or generally, 

solid A Gr ; solid Ah t ; 
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THEOREM XII. 

Two regular parallelopipedons, having the same altitude, i 
each other as their bases. 

Let the parallelopipe- 
dons AG, AK, have the 
same altitude AE ; then 
will they be to each 
other as their bases A C, 
AN. 

Having placed the two 
solids by the side of each 
other, as the figure re- 
presents, produce the 
plane ONKL until it 
meets the plane DCGH 
in I'Q ; you will thus 
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■lopipedona- 



liave a third parailelo- 
pipedoa AQ, which may 
be compared with each 
of the parallelopipedons 
AG,AK.. The two sol- 
ids ^(?,^Q, having tlie 

to each other as their 

altitudes AB, AO ; in 

hke manner, the two 

solids AQ AK, having 

the same base AOLE, 

are to each other as their 

altitudes AD, AM. 
Hence, we have the ti 

solid, AG : solid AQ 

solid AQ : solid AK : : A 

Multiplying together the corresponding 

portions, and omitting the common multipli 
solid AG : solid AK 



\k \ 


\ 
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o proportions, 

B : AO, 
D : AM. 
erma of these pro- 
ir solid AQ, we have 
ABxAD : AOxAM. 
Biit^Bx^iJ represents the base ABCD; and AOxAM 
represents the base AMNO: hence, two rectangular parallel- 
opipedons of the same altitude are to each other as thoir bases 



Any two rectangular parallehpidedons are to each other as the 
products of their three dimensions. 
For, having placed the two solids AG, AZ, {see next iigare) 
so that their surfaces have tlio common angle BAE, produce 
the planes necessary for completing the tliird pacalJeJopipedon 
AK, having the same altitude with (he parallelopipedon AG 
By the last proportion we shall have the pvoportioa, 
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Bnt tho two paral- 
lelopipcdons jlii', AZ, 
having the same base 
AMNO, are to each 
other as their akitmles 
AE, AX; honce, we 



solid AK : solid AZ : : AE : AX. 

Multiplying together the corresponding teniis of these pro- 
portions, and omitting in the result the common multiplier 
solid AK, we shall have 
solid AG ■ solid AZ : : ABCDxAE : AMNOxAX. 

Instead of the bases ABCD and AMNO,iml ABxAD 
and AOx AM, and we have 
solid AG : solid AZ :: ABxADxAE : AOxAMxAZ. 

Hence, any two r**ctaneular parallelopipedons a e lo pach 
other as the pioduLt of theu three dunensions 

Seh. We aie consequentlv authorized to assurap a-:. Tie 
measure of a lectangular pdrallelopipedon the piodictol its 
three dimensions 

In order to c,orapreheiid thp n turf of this mfasuren ent it 
is necessary to reflect that the n mlier of linear units m one 
13 
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dimension of the base multiplied by the number of linear units 
of the other dimension of the base, wUl give the number of 
superficial units in the hase of the parallelopipeden (Bk, IV. 
Th. yi. Sch). For each unit in height, there are evidently aa 
many solid units as there are Buperficial units in the base 
Therefore, the number of superficial units in tlie baae multi- 
plied by the number of linear units in the altitude, gives the 
number of solid units in the parallelopipedon. 

If the three dimensions of another parallelopipedon are valued 
according to the same linear unit, and multiplied togclhei- in 
the same manner, the two products will be to each other as 
the solids, and will serve to express their relative magnitude. 

Lot us illustrate this by an example. 

Let ABCD be the base of a 
parallelopipedon, ,and suppose 
AB:zz4 feet, and BG-3 feet. 
Then the number of square feet 
in the base ABCD will be equal 
to 3x4=;13 square feet. 

Therefore, 12 equal cubes of 1 
foot each, may be placed by like 

side of each other on the base. If the parallelopipedon be ! 
foot in height, it will contain 13 cubic feet ; were it 2 feet in 
height, it would contain two tiers of cubes, or 34 cubic feet ; 
were it 3 feet in height, it wotdd contain three tiers of cubes, 
or 36 cubic feet. 

The magnitude of a solid, its volume or extent, forms what 
is called its solidity; and this word is exclusively employed 
to designate the measiu'e of a solid ; thus, we say the solidity 
of a rectangidar parallelopipedon is equal to the product of its 
base by its altitude, or to the product of its three dimensiona. 
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As the cube has all its three dimensions equal, if the side 
is 1, the solidity will be 1 X I X 1 — 1 ; if the side is a, the 
solidity will he 2x3x3—8; if the side is 3, the eolidity 
wnll be 3x3x3—37 ; and so on: hence, if the sides of a 
series of cubes are to each other as the numbers 1, 2, 3, &c. 
the cubes themselves, or their solidities, will be as the num- 
bers 1, 8, 37, ifec. Hence it ia.that in arithmetic, the cube of 
a number is the name giveu to a product which results from 
throe factors, each equal to this number. 

THEOREM XIV. 

Ij a paraUelopipeion, a prism, and a cylinder, have equivalent 

bases and equal altitudes, they will he equivalent. 

Let F~ABCD, be a parallelopipedon ; F—ABCDE, a 

prism ; and D — ABC, a cylinder, having equivalent bases 

and equal altitudes : then will they be equivalent. 



\ 




\ 




^ 




"x 




i 



m 



For, since their bases are equivalent the^ \ 
same number of units of surface (Bk. I^ Del <1) Niw, 
for each unit of height there will be one tier of equal cubes 
in each solid, and since the altitudes are equal, the number of 
tiers in each solid will be equal : hence, the solidities will be 
equal, and therefore the solids will be equivalent. 

Cor. Hence, we conclude, that the solidity of a prism or 
cylinder is equal to the area of its base multiplied by its 
aUitudc. 
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THtOKLll XV. 
Tmo triangular pijTamidi, having equivalent bases and e 
altitudes, are eqiitvahnt, ot eijval in solidity. 





Let their equivalent bases, ABC, nbc, be 
same plane, and let AT be their common altitude. If they 
are not equivalent, [et S-—abc he the smaller ; and suppose 
Aa to be the altitude of a prism, which, having ABC for its 
base, is equal to their difference. 

Divide the altitude AT into equal parts Ax, xy, yz, &c., 
each less than Aa, and let h be one of those parts : through 
the points of division pass planes parallel to the plane of the 
bases : the corresponding sections formed by these planes in 
the two pyramids will be respectively equivalent, namely, 
DEF to ief, GUI to ^hi, &c, ('i'h, v. Cor,), 
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Tills boing granted, upon the triangles ABC, DEF, GHl, 
&c., talien as bases, construct exterior prisms having for 
edges the parts AD, DG, GK, &c,, of the edge SA ; in hks 
ases def, g/d, khn, Sic, in the second pyramid 
It interior prisma, having for edges the corresponding 
parts of Sa. It is plain that the sum of the exterior prisma of 
the pyramid S — ABC will be greater than the pyramid; while 
the sum of the interior prisms of the pyramid .S" — aic, wUlhe 
less than the pyramid. Hence, the difference between these 
sums will be greater than the difference between the pyramids. 
Now, beginning with the bases ABC, ahc, the second ex- 
terior prism DEF — G is equivalent to the first interior prism 
def — a, because they have the same altitude k, and their bases 
DEF, def, are equivalent ; for like reasons, the third exterior 
prism GHI — K, and the second interior prism ghi — d, are 
equivalent ; the fourth exterior and the third interior ; and so 
on, to the last of each series. Hence, all tie exterior prisms 
of the pyramid S — ABC, excepting the first prism ABC—D, 
have equivalent corresponding ones in the interior prisms of 
the pyramid S^abc: hence, the prism ABC — D is the differ- 
ence between the sum of all the exterior prisms of the pyramid 
S — ABC, and of the interior prisms of the pyramid S — abc. 
But this difference has already been proved to be gi'eater than 
that of the two pyramids : which, by supposition, differ by 
the prism a — ABC: hence, the prism ABC — D, must be 
greater than the prism a — AB C. Btit in reality it is less, for 
they have the same base ABC, and the altitude Am, of the 
first, is less than Aa, the altitude of the second. Hence, the 
supposed inequality between the two pyramids cannot ejdst ■ 
hence, the two pyramids; S — ABC, S — abe, having equal al- 
titudes and equivalent bases, are themselves equivalent. 
13" 
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Every triangjdar pyramid is a third part of a triangular pri 
having the same base and the same altitude. 

Let F — ABC be a trian- E____ . p 

gular pyramid, ^SC—i>jEf 
a triangular prism of the 
same base and the same al- 
titude : tlte p}Tramid will be 
equal to a third of the prism. 

Cut off the pyramid F — 
AB C from the prism, by the 
plane FAC ; there will re- 
main the solid F—ACDE, 
which may be considered 
as a quadrangular pyramid, whose Tertex is F, and whoao 
base is the parallelogram ACDE. Draw the diagonal CE; 
and pass the plane FCE, which will cut the quadrangular 
pyramid into two triangular ones, F -ACE, F—CDB. These 
two triangular pyramids have for their common altitude the 
perpendicular let fall from F on the plane ACDE; and 
their bases are also equal, being halves of the parallelogram 
AD: lience, the pyj-amid F-ACE, and the pyramid F-CDE, 
are equivalent (Th. xv). 

But the pyramid ^ — CUjE, and the pyramid J" — ABC, have 
equal bases, ABC, DEF ; they have also the same altitude, 
namely, the distance between the parallel planes ABC, DEF, 
hence, the two pyramids are equivalent. Now, the pyramid 
F — CDE has already been proved equivalent to F — ACE j 
bence, tlie three pyramids F~ABC, F-^CDE, F-~ACE. 
which, compose the prism ABC — DEF are all equivalent. 
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Pyr^ 



Hence, the pyramid F~ABC is 
ABC—DEF, which has the s 



s the third part of the prism 
e and the same altitude. 
Cor. The solidity of a trLangular pyriimiil is equal to a third 
part of the product of its base by its altitude. 

TIIEOEEM XVII. 

The ioUdity of every pyramid is equal to ihe base multiplied by 
a thi'-d of the altitude. 

Let S—ABCDE be a pyramid. 

Pass die planes SEB, SEC through 
the diagonals EB, EC; the polygonal 
pyramid S~ABCDE will be divided 
into several triangular pyramids all 
having the same altitude SO. But 
each of these pyramids is measured by 
multiplying its base ABE BCE or 
CZ)£, by the thirl pait of m tltitide 
SO (Th. xvi. Cor) hence the sim 
of these triangular piTam ds oi the polygoaal pyramid 
S—ABCDE, will be mea? led hs the sura of the Wiangles 
ABE, BCE, CDE, or the polygon ABCDE, multiplied by 
one Unrd of .SO. 

Cor. 1. Every pyramid is the third part of the prism which 
has the same base and the same altitude. 

Cot. 2. Two pyramids having the same altitude, are to 
each other as their bases. 

Cor. 3, Two pyramids having equivalent bases, are to each 
other as their altitudes. 

Cor. 4. PjTaraids arc to each other as the products of their 
bases by tlieir altitudes 
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: sTiii. 

The solidity of a cone is equal to one third of the product of the 
base multiplied hy tlte altitude. 

Let ABODE be the base, S the ,_, 

verte\ and SO the altitude of the 
coae then will it-, solidity be equal 
to one thud the piuduct of its base 
by Its altitude SO 

Inscnbe m the base of the cone 
anyregulii polygon, ^BCDE, and 
join the veitice'' 4 B, C, &c., with 
the \ ertei b, of the cone ; then will 
there be inscribed in the cone a 
for its base the polygon ABODE. 




ular pyramid, havin 
The solidity of this 



pyramid is equal to one third of the base multiplied by the 
altitude (Th. xvii). 

Let now, the number of sides of the polygon be indefinitely 
increased : the polygon will then become equal to the circle, 
and the pyramid and cone will coincide and become equal. 
But the solidity of tlie pyramid will still be equal to one third 
ol' the product of the base multiplied by the altitude, whatever 
fae the number of sides of the polygon which fonns its base ■ 
hence, the solidity of the cone is eqtial to one third of the 
product of its base midtiplied by its altitude. 

Cor. 1. A cone is the third pait of a cylinder having the 
same base and the same altitude ; whence it follows : 

1 st. That cones of equal altitudes are to each other as their 

2iid, That c 
altitudes 



s of equal bases are to each other i 
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Cot. 2. The solidity of a cone is equivalent to the solidity 
of a pyramid having an equivalent base and the same altitude. 



THEOREM XIX. 

Similar prisms are to each other as the cubes of their 



Let ABC—D, EFG—H be 
imilar prisms ; then we shall 
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AB^ : EF^; 

s the cubes of any other 
i the products of their 



solid AD : solid EH : ; 
or solid AD : solid EH : ; 

or, the solids will be to each other a 
of their homologous edges. 

For, the solids are to each other a 
bases and altitudes (Th. xiv. Cor.), tl 
solid ABC-D : solid EFG~H : : ABC X CD : EFGxGH. 
But the bases being similar polygons are to each other as the 
squares of their like sides (Bk. IV. Th, xxi) ; that is, 

ABC : EFG : : Iff : EF^, 
therefore, 
solid ABC-D : solid BFG-H : ■ A^xCD : EF^xGH. 



dhy Google 



GEOMETRY. 



But since tho soiids are simi- 
lar, the parallelograms BD and 
fif are similar (Def. 3): Jience, 
CD and GH are propottional to 
BC and FG, and consequently 
to AB and iJi''; hence, we have, 




AB : ;;/• . 



solid ABC-D : solid EhG-H : 
that is, 

solid ABC-D : solid EFG-H : : AB' : eF; 
and in a similar manner it may be showa that the solids 
are to each other as the cubes of any other homologotis sides. 

Cor. Since cylinders arc to each otlier as the product of 
their bases and altitudes (Th. xiv. Cor.), it follows that similar 
cylindovs are to each odicr as the cubes of the linear dimen- 



THEOREM XX. 



Every section of a sp/iere, made hj a pit 
Let AMB be a section, made by 
a plane, in tho sphere whose cen^ 



From the centre C draw CO, 
perpendicular to the plane AMB, 
and also draw the lines CA, CM, 
&c., to the points of the curve 
AMB, which terminate the sec- 
lion, and join OA, OM, &c. 
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Then, since CO is perdeiidic- 
ular to the plane AMB, the an- 
gles COA, COM &c., -vrill be 
right angles, and siace the radii 
of the sphere are all equal, the 
right angled Wiangies CAO,COM, 
&c., will have the hypothenuses 
equal, and the side 00 comiiion : 
hence, the remaining sides ■will bi 
Therefore, all lines drawn from I 
AMB are equal : hence AMB 




equal (Bk. 1. 
to any point, of the e 



Cot. I. If the section passes through the centre of the 
sphere, its radius will be the radius of the sphere : hence, a.11 
great circles ave equal. 

Cor. 3. Two great circles always bisect each other ; for 
their common intersection, passing through the centre, is a 
diameter. 



Cor. 3. Every great ciicle diiides the sphere and its sur- 
face into two equal parts : for, if the two hemispheres were 
separated and afterwards placed on the common base, with 
their convexities turned the same way, the two surfaces wo>dd 
exactly coincide, no point of the one being nearer the centre 
than any point of the other. 

Cor. 4. The centre of a small circle, and that of the sphere, 
are in the same straight line, perpendicular to the plane of the 
small circle. 



C„r. 5. Small c 



o the Jess the farther tliey lie from 
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tlie centre of the sphere ; for the greater CO is, the less is 
t!ie chord AB, llie diameter of the small circle AMD. 



extremity is tan- 



THBOKGM XXI. 

Every plane perpendtcidar to a radius 
gent to the spkt 
Let FAG be a plane perpen- 
dicular to the radius OA, at its 
extremity A. Any point M, in 
this plane, being assumed, and 
OM, AM, being drawn, the an- 
gle 0AM will be a right angle, 
and. hence, the distance OM will 
be greater than OA. Hence, 
the point M lies without the sphere ; and as the same can be 
sLown for every other point of the plane FA G, this plane can 
have no point but A common to it and the surface of the 
sphere ; hence it is a tangent plane (Def. 31). 

Sch. In the same way it may be shown, that two spheres 
have but one point in common, and therefore touch each 
other, when the distance between their centres is equal to the 
sum, or the difference of their radii; in either case, the 
centres and the point of contact lie in the same straight line. 




TIIEOKEM XXII. 



If a regular semi-polygon be revolved about a line passing 
through the centre and the vertices of tmo opposite angles, the 
surface described by its perimeter will he equal to tlie accis multi- 
plied by the circiimferenee f the inscribed circle. 
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Suppose the regular semi-polygon. 
ABODE to be revolved about die line 
AF as an axis : then will the surface 
described by its perimeter be equal to 
AF multiplied by the circumference of 
the inscribed circle. 

From E and D, the extremities of 
one of the equal sides, let fall the per- 
pendiculars EH, DI, on the axis AF, 
and from the centre O, draw ON per- 
pendicular to the side DE: ON will then be the radius of 
inscribed circle (Bk. IV. Prob. x). 

Let US first find the measure of the surface described by 
one of the equal sides, as DE. 

From N, the middle point of DE, draw NM perpendicular 
to the axis AF, and through E, draw EK, parallel to it, meet- 
ing MN in S. 

Then, since EN is half of ED, NS will be half of DK 
(Ek. IV. Th. xiii) : and tence, NM is equal to half the sum 
of EH+DI. 

But, since the circumferences of circles a 
their diameters (Bk. IV. Th. xxiv), or i 
halves of tte diameters, we shall liave tbe 
scribed by the point N, equal to half the s 
ferences described by the points D and E. 

But in the revolution of the polygon tile 
the surface of the frustum of a cone, tl- 
equal to DE rauitiplied into half the 
rences of the two bases (Th. ix) ; thi 
the circumference described by the point N. 
U 



! to each other as 
their radii, the 

n of the circiun- 

ne ED describes 
of which is 
of the circumfe- 
equal to DE into 
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But, the triangle ENS is similar to 
SNT (Bk. IV. Th. xviii}, and also to 
EDK, and since TNS ia similar to 
ONM, it follows that EDK and ONM 



ED 



EK 



• III 



ON 




or ED : HI :: circumference 01 
consequently, 

ED-x circumference MN^HIxcii-cumference ON, 
that is, ED multiplied into the circumference of the circle de- 
scribed with the radius NM, is equal to III into the circum- 
ference of the circle described ■with the radius ON. But the 
former is equal to the surface described by the line ED in the 
revolution of the polygon about the axis AF; hence, the latter 
is equal to the same area ; and since the same may be shown 
I'oi* each of the other sides, it ia plain that the siuface des- 
cribed by the entire perimeter is equal to 
{FH+HI+IP+PQ+QA]xciT'f ON-AFxcir'f. ON. 

Cor. The surface described by any portion of the perim- 
eter, as EDO, is equal to the distance between the two per- 
pendictilars let fall from lis extremities, on the axis, multiplied 
by the circumference of the inscribed circle. For, the sur- 
face described by DE is equal to i?/x circumference ON, 
and the surface described by OC is equal to /Pxcircurafe 
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rence ON: hence, the surface described by £D+Z)C is equiil 
to (fl'/+ JP) X circiimference ON, or equal to J:/Px circum- 
ference ON. 



»/.«./» 




THEOREM XXITI. 

re is equal to ike product of 
hy the circumference of a great circle. 

Let ABODE be a eemicircle. la- 
scribe in it any regular semi-polygon, 
and from the centre O draw OF per- 
pendicular to one of the sides. 

Let the semicircle and the semi- 
polygon be revolved about the axis 
AE: the semlcircumfereace ABODE 
will describe the surface of a sphere 
(Def. 26) ; and the perimeter of the 
semi-polygon will describe a surface 
which has for ils measure AE x cij- "" 

cumference OF {Th. xxii) ; and this will he tnie whatever be 
the number of sides of the polygon. But if the number 
eides of the polygon be indefinitely increased, its peruneter 
will coincide with the circumference ABODE, the pei'pen- 
dicular OF will become equal to OE, and the surface de- 
scribed by the perimeter of the semi-polygon wiO then be the 
same as that described by the seraicit cumference ABODE. 
Hence, the surface of the sphere is equal to AEx circum- 
ference OE. 

Cor. Since the area of a great circle is equal to the product 
of its circumference by half the radius, or hy one-fourth of 
the diameter (Bk. IT. Th, ssvii), it follows that the surface 
of a sphere is equal to four of ils great circles. 
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The surface of a = 



! 15 equal to its altitude multiplied hy 
imference of a great circle. 



For, the surface described by any 
portion of the perimeter of the in- 
scribed polygon, as BC+CD is equal 
to £iyx circumference OF (Th. xxii. 
Cor). But when the number of sides 
of the polygon is indefinitely increased, 
.SC+ CD, becomes the aic BCD, OF 
becomes equal to OA, and the surface 
described by BC+CD, becomes the 
sm'face of the zone described by the 
arc BCD .■ hence, the surface of the 
zone is equal to Ei/xcirciimferenco 
OA. 

Sch. I, When the zone has but oiie base, as the zone de- 
scribed by the arc ABCD, its surface will still be equal to 
the altitude AE midtiplied by the circumference of a great 

Sck. 3. Two zones taken in the same sphere, or in equal 
spheres, are to each other as their altitudes ; and any zone is 
to the surface of the sphere as tlie altitude of the zone is to 
the diameter of the sphere. 




THEOHBM -XXV. 



The solidity of a sphere is equal to one tliird of tlie product of 
the surface multipUcd hij Ilia radius. 

a polyedron to be inscribed in the sphpre. 
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This polyedron may be considered as formed of pyramids, each 
having for its vertex the centre of the sphere, and for its base 
one of the faces of the polyedron. Now, the solidity of each 
pjiamid, will be ec[ua\ to one third of the product of ite base 
by its altitude (Th. xvii). 

But if »e suppose the iitcea of the joljedion to lit confinu 
aily diminished and lonseiuentlj the numbei of tlie p_,ii 
mids to be constantly increased tlie polyedron will anallv 
become the spheie and the bases of all the pyiamidswiil 
become the ci rl ace ul the sphue When this talies place 
the solidities of the pyramids will otill be equal to one thud 
the pioduct ol the bases by the common altitude which will 
then be ei^ual to the ladius ol the spheie 

Hence, the solidity of a sphere is equal tu one third of the 
product of the surface by the radius. 

THEOREM SXVI. 

The surface of a sphere is equal to the convex: surface of the 
circumscribing cylinder ; and the solidity of the sphere is two 
ihirds the solidity of the circumscribing cylinder. 

Let MPNQ be a great circle of 
the sphere; ABCD the circnm- 
scribmg square : if the semicircle 
PMQ, and the half square PADQ, 
are at the same time made to re- 
volve about the diameter PQ, the 
semicircle will describe the sphere, 
while the half square will describe 
the cylinder circumscribed about 
that sphere. 

The altimde AD, of the cylinder, i 



^.■-^ 


P ^^ 


/-^ 


r^ 


v;^^- — 


^£^1-3 



( equal ru !lie dianietei 
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PQ.; the base of the cylinder is 
equal to the great circle, since its 
diameter AB is equal MN i hence, 
the conyex surface of the cylin- 
der is equal to the circumference 
of the great circle multiplied by 
its diameter (Th. ii). This meas- 
ure is the eame as that of the sur- 
face of the sphere (Th. xxiii) ; 
hence, the surface of the sphere 
face of the circumscribing cylinder. 

In the next place, since the base of the circumscribing 
cylinder is equal fo a great ciicls, and its altitude to the di- 
ameter, the solidity of the cylinder will be equal to a great 
circle multiplied by a diameter (Th. xiv. Cor). But the so- 
lidity of the sphere is equal to its surface multiplied by a third 
of its radius ; and since the surface is equal to four great 
circles (Th. xxiii. Cor.), the solidity is equal to four great cir- 
cles multiplied by a third of the radius ; in other words, to 
one great circle multiplied by four-thirds of the radiiis, or 
by two-thirds of the diameter; henceithe sphere is two-thirds 
of the circumscribing cylinder. 



s equal to the c 
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one whose faces are all equal poly- 
gons, and whose solid angles are equal. There are five such 
solids. 

1. The Tetmedrcm, or equilateral pyramid, is a solid bounded 
by four equal triangles. 



^ ^^ 



S. The hexMthon oi nih . is a soli', bDimcled by six equal 
squares. 



. The acta ? n is I 1 i It-d b^ i ht equal equi- 



<- 
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4. The dodeeaedTon^ is a solid bounded by twelve equa! 
pentagons. 




5. The ieosatdio 
eqiiilateral mangle 



.olid boiuiclerl b-; I 



6. The regulat solids may easily he made of [ asteboard. 

Draw the figures of the regular solids accurately on paste- 
board, and then cut through the bounding lines : this will give 
figures of pasteboard similar to the diagrams. Then, cut 
the other lines half through the pasteboard, after which, turn 
up the parts, and glue them together, and you will form the 
bodies which have been described. 
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MENSUBATIO 



1. The area of any figure has already been defmed to he 
tile measure of its surface (Bk. IV. Def , 7), This measure is 
merely the number of squares which the figure is equal to. 

A square whose side is one inch, one foot, or one yard, 
&c., is called tlie measuring unit ; and the area or contents of 
a figure is expressed by the number of such squares which 
the figure contains. 

2. In the questions involving decimals, the decimals are 
generally carried to four places, and then taken to the nearest 
figure. That is, if the fifth decimal figure is 5, or greater 
than 5, the fourth figure is increased by one. 

3. Surveyors, in measming land, generally use a chain 
called Guntei's chain. This chain is foiu- rods, or 66 feet in 
length, and is divided into 100 links. 

4. An acre is a surface equal in extent to 10 square chains; 
that is, equal to a rectangle of which one side is ten chains, 
and the other side one chain. 

One quarter of an acre, is called a rood. 

Since the chain is 4 rods in length, 1 square chain, contains 
16 square rods ; and therefore, an acre, which is 10 square 
chains, contains 160 square rods, and a rood 
square rods. The square rods are called perches 
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5.- Land is generally computed in acres, roods, and perches, 
which are reapectiyely designated by the letters A, R, P. 

When the Jinear dimenisions of a survey are chains or links, 
the area will be expressed in square chains or square links, 
and it is necessary to form a rule for reducing this area to 
acres, roods, and perches. For tMs purpose, let us form the 
following 



1 square c!iain=100xlOO=IOOOO square links. 
1 acre=10 square chains=100000 squai'o links. 

1 acre=4 roods— 160 perches. 
1 square milei=6400 square chains=640 acres. 

6, Now, when the linear dimensions are lines, the area 
will be expressed in square links, and may be reduced to 
acres by dividing hy 100000, the number of sqtiare lines in an 
acre ; that is, hy pointing off five decimal places from the 
right hand. 

If the decimal part be then multiplied by 4, and five places 
of decimals pointed off from the right hand, the figures to the 
left hand will express the roods. 

If the decunal part of this result be now multiplied by 40, 
and five places for decimals pointed off, as before, the figures 
to the left will express the perches. 

If one of the dimensions be in links, and the other .in chains, 
the chains may be reduced to links by annexing two ciphers- 
or, the multiplication may be made without annexing the ci- 
phers, and the product reduced to acres and decimals of an 
acre, by pointing off three decimal places at the right hand. 

When both dimensions are in chains, the product is re- 
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duccd lo acres Ijy dividing by 10, or poinling off ovie ducimal 
pkce. 

From which, we coachide ; that, 

I. If links he multiplied hy links, the product is reduced to 
acres by pointing off five decimal places from the right hand. 

II. If chains he multiplied by links, the product is reduced to 
acres by pointing off three decimal places from the right hand. 

III. If c?tains be multiplied hy chains, the product is reduced 
to acres hy pointing off one decimal place from, the right hand. 

7. Since tliere are 16,5 feet in a rod, a square rod is equal 
to 16,5 X 16,5—272,25 square feet. 

If the last number be multiplied by 160, we shall have 

373,25x160—43560 the square feet in an acre. 
Since there are 9 square feet in a square yard, if the last 
number be divided by 9, we obtain 

4840=the number of square yards in an acre. 



To find the a' 
parallelogram. 



Multiply the hose by the perpendicular height and the product 
will be the area {Bk. IV. Th. viii). 



1. Required the area of the square 
ABCI>, each of whose sides is 36 feet. 
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We multiply two sides of 
the square togetlier, and tho Operation. 

product is tile area in. square 36x36=1296 sq. ft. 

2. How many acres, roods, and perches, in a square whose 
side is 35,35 chains? Ans. 134 ^. 1 Ji. 1 P. 

3. What is the area of a square wliose side is 8 feel 4 
inches? Ans. 6Q ft. 5' 4". 

4. What is the contents of a square field whose side is 46 
rods? Ans. 13 A. OR. 36 P. 

5. What is [he area of a square whose side is 4769 yards ' 

Ans. 23743361 sq. yds. 



64x36^2304 sq. ft. 



6. What is the area of the parallelo- 
gram ABCD, of which the base AB is 
64 feet, and altitude DE, 36 feet ? 

We multiply the base 64, 
by the perpendicular height 
36, and the product is the re- 
quired area. 

7. What is the area of a parallelogram whose base is 13,25 
yards, and altitude 8,5 ? Ans. 104,125 sq. yds. 

8. What is the area of a parallologram whose base is 8,75 
chains, and altitude 6 chains 1 Ans. 6 A. I R. OP. 

9. What is the area of a parallelogram whose base is 7 feet 
9 inches, and altitude 3 feet 6 inches ? 

Ans. 27 sq.fi, V 6". 
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10. To find the area of a rectangle 
ABCD, of which the base JB~45 
yards, and the altitude .42?=: 15 yards. 

Here we simply multiply 
the base by the altitude, and 
the product is the aiea 



Operation. 
45x15=^675 sq. yds. 



11, What is the aiea of a lectangle whose base is 14 feel 
6 inches, and breadth 4 feet 9 inches ? 

Ans. 68 sq.ft. 10' 6". 

13. Find the area of a rectangular board whose length is 
113 feet, and breadth 9 inches. Ans. 84 sq. ft. 

13. Required the area of a rhombus whose base is 10,61 
and breadth 4,28 chains. Ans, 4 A. 1 R. 39,7 P+. 

14. Required the area of a rectangle whose base is 12 feet 
6 inches, and altitude 9 feet 3 inches, 

Ans. 115 sq. fl. 7' 6" 
PltOBLEM II, 
To find the area of a triangle, when the base and altitude 



I. Multiply the base by the altitude, and half the product mil 
he tJie area. 

II. Multiply the hose by half tite altitude and the product mil 
\e the area (Bk, IV. Th. ix}. 



1. Required the area of the triangle' 
4i!C, whose base AB is 10,75 leet, 
i.nd altitude 7,35 feet. 
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We first multiply the base 
by the altitude, and then di- 
vide the product by 3. 



Operalion. 
10,75x7,25^77,9375 

and 
77,9375^2=38,96375 



2. What is the area of a triangle wliose base is 18 feet 4 
inches, and altitude 11 feet 10 inches? 

Ans. 108 sq.ft. 5' 8". 

3. What is the area of a triangle whose base is 12,35 
chains, and aUitude 8,5 chains? Ans. 5 A. R. 33 P. 

4. What is the area of a triangle whose base is 20 feet, 
and altitude 10,25 feet. Ans. 103,5 sq. ft. 

5. Find the area of a triangle whose base ia 635 and alti- 
tude 520 feet, Ans. 162500 sq. ft. 

6. Find the number of square yards in a triangle whoso 
base is 40 and altitude 30 feet. Ans. 66^ .^q. yds. 

7. What is the area of a triangle whose base is 72,7 yards, 
and altitude 36,5 yards ? Ans. 1326,775 sq. yds. 

PROBLEM III. 

To find the area of a triangle when the three aides are 
known. 

I. AM-tlm three sides together and take half their sum. 

II. From this half snm take each side separately. 

III. Multiply together the half sum and each of the three 
remainders, and then extract the square root of the product 
iMoh mil be (/w required arm. 
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1. Find the 


'- area of 


a triangle whose sides 


are 20, dO, and 


40 rods. 








20 
30 


45 
20 
35 U( 


45 
30 


45 
40 




rem. 15 201 rem. 


5 3d rem. 


45 half Sim 


1, 






Then, to obtain tlie 


product, we liave 






45 >: 


; 35X15X5=84375; 




from which w 


efind 







area=-v/84375=290,4737 perches. 

2. How many square yards of plastering are there in a tri- 
angle, whose sides are 30, 40, and 50 feet t Arts. 66|. 

3. The sides of a triangular field aie 49 ciiains, 50,25 
chains, and 25,69 : what is its area ? 

Ans. 61 A. 1 R. 39,68 P. 

4. What is the area of an isosceles triangle, whose base is 
30, and each of the equal sides 15 ? -4ns, 111,803. 

5. How many acres are there in a triangle whose three 
Bides are 380, 420 and 765 yards. Ans. Q A. OR. 38 P. 

6. How many square yards in a triangle whose sides are 
13, 14, and 15 feet. Am. 9}. 

7 What is the area of an equilateral triangle whose side 
IS 25 feet ? Ans. 370,6339 sq. fl. 

8. What is the area of a triangle whoso sides are 24, 36, 
and 48 yards ? Ans. 418,282 sq. yds. 
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PROBLEM IV, 



To find the liypotl^enusi 
the hase and perpendicular 



I. Square each of the sides separately. 

II. Add the squares together. 

III. Extract the square root of the sun 
pothenuse of the triangle (Bk. IV. Th. xi 

EXAMPLES. 

1. In the right angled triangle ABC, 
we have, AB=-iO feet, BC=40 feet, to 
find AC. 



, which Kill he the hy- 

)■ 



Operation. 



40 =1G00 
Slim = 2500 



We first square each sit 
and then take the sum, 
which we extract the square 
root, which gives 

^C^V3500=50 feet. 

2. The wall of a building, on the brink of a river, is 130 
feet high, and the breadth of the river 70 yards : what is the 
length of a line which would reach from the top of the wall to 
the opposite edge of the river ? Ans. 241,86 /(. 

3. The side roofs of a house of which the eaves are of the 
same height, form a right angle at the top. Now, the length 
of the rafters on one side is 10 feet, and on the other 14 feet : 
what is the breadth of the house 1 Ans. 17,304 ft. 

4. What would he the width of the house, in the last ex- 
Limple, if the rafters on each side were 10 feet ? 

Ans. 14,142 ft. 
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5. What would be tile width, if the rafters on cacli side 
were 14 feet? Ans. 19,7989/;. 



When the hypothenuse and one side of a 
(ingle are known, to find the other side. 



Square tJte liypotkenuse and also the other given side, 
take their difference : extract the square root of this differ/ 
and the result will be the required side {Bk. IV. Tli. xii. C 



1. In the right angled triangle ABC, 
there are given 

AC=5Q ftet, and ylZJ;^40 feet, 
requited the side BC. 




Operation, 

50^-3500 
40^^=1600 
DifF.^""900 



We first square the hypoth- 
enuse and the other aide, after 
which we take the difference, 
and then extract the square 
root, which gives 

SC^V^OO^SO feet, 

2. The height of a precipice on the brink of a river is 103 
feet, and & line of 320 feet in length will just reach from the 
top of it to the opposite bank ; required the breadth of th 
river, Ans. 303,9703 /(. 

3. The hypothenuse of a triangle is 53 yards, and the per- 
pendiculai 45 yards : what is the base 1 Ans. 28 yds. 

4. A ladder 60 feet in length, will reach to a window 40 
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feei from tlie groiind on one side of the street, and by turning 
it over lo the other side, it will reach a window 50 feet from 
the ground : required the breadth of the street. 

Ans. n, ■8815 ft. 



To find the area of a trapezoid, 

Midiiply the sum of the parallel sides hy the perpendicular 
distance between them, and then divide the product by tiso : the 
quotient mil be the area (Bk. IV, Th. x). 



I. Required the area of the trapezoid 
ABCD, having given 



^3 = 321,51 feet, DC=214,24 feet, and CF. = l7l,lG feet. 
Operation. 



We first find the sum of the 
sides, and then multiply it by 
the perpendicular height, after 
winch, we divide the product 
by 3, for the area. 



321,514-21'1,3'1— o35,7o — 
sum of parallel sides. 



535,75 X 171, 16:=:91698,97 



=tlie a 



2. What is the area of a trapezoid, the parallel sides of 
which, are 12,41 and 8,22 chains, and the perpendicular dis- 
tance between them 5,15 chains ? 

A.ns. 5 A. 1 R. 9,956 P. 



3. Required the 



1 of a trapezoid whose parallel sides 
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are 25 feet 6 inches, and 18 feet 9 inches, and the perpen- 
dicular distance hetiveen tliera 10 feet and 5 inches, 

Ans. 230 sq.ft. 5' 7". 

4. Reqiiired the area of a trapezoid whose parallel sidca 
are 30,5 and 12,25, and the perpendicular distance between 
them 10,75 yards. Ans. 176,03125 sq. yds. 

5. What is the area of a trapezoid whose parallel sides are 
7,50 chains, and 12,25 chains, and the perpendicular height 
15,40 chains? Ans. 15 A. R. 33,2 P. 



PROBLEM VII. 

a of a quadrilateral. 



the four sides of the quadrilateral, and also one of the 
the quadrilateral will thus be divided into two trian- 
Mi both of which all the sides wUl be hwwn. Tlwn, find 
reas of the triangles separately, and their sum will be the 
of the quadrilateral. 




1. Suppose that we have meas- 
ured the sides and diagonal AC, of 
the quadrilateral ABCD, and found 



^B=40,05 chains; CD^29,87 chains, 
BC=26,27 chains, ^iJ=37,07 chains, 

and j4.C — 55 chains r 

required the area of the tiuadrilatcral. 

Ans. 101 A. I R. 15 P. 
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Remark.— Instead of 
the foiiT sides of the quadrilateral, 
we may let fall the perpendicu- 
ars Bb, Dg, on the diagonal AC. 
The area of the triangles may then 
be determined by measuring these 
perpendiculars and diagonal AC. The pendiculars 
18,95 chains, and Bb — 17,92 chains. 

3. Required the area of a quadrilateral whose diag 
n0,5, and two perpendiculars 24,5, and 30,1 feet. 

Ans. 2197,65 s 




'■Ji. 



3. What is the area of a quadrilateral whose diagxinal is 
108 feet 6 inches, and the perpendiculars 56 feet 3 inches, 
and 60 feet 9 inches ? Ans. 6347 sq.ft. 3'. 

4. How many square yards of paving in a quadrilateral 
■whose diagonal is 65 feet, and the two periiendieulars 28, and 
33| feet ? Ans. %%^^ sq. yds. 

5. Required the area of a quadrilateral whose diagonal is 
43 feet, and the two perpendiculars 18, and 16 feet. 

Ans. 714 sq. ft. 

6. What is the area of a quadrilateral in which the diago- 
nal is 330,75 chains, and the two perpendiciikrs 69,73 chains, 
and 130,27 chains 1 Ans. 3207 A. 2 R. 

PROBLEM VIII. 

To llnd the area of a regular polygon. 

RULE. 
Miilliphj half tite perimeter of thf. figure by the perpendicular 
hi fall from the centre on one of the aides, and the product leill 
h.. the area (Bk. IV. Th. xxvi). 
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1. Required the area of the regular 
pentagon ABCDE, eacli of whose 
sides aB, BC, &lc., is 35 feet, and 
the perpendicular OP, 17,3 feet. 




We first multiply one side 
by tlie number of sides and 
divide the product by 3 : this 
gives half the perimeter which 
we multiply by the perpen- 
dicular for the axea. 

3. The side of a regular pentagon is 20 yards, and the per- 
pendicular from the centre on one of the sides 13,76383 ; re- 
quired the area. 



=63, 5=;half the perim- 
eter. Then, 
63,5x17,3=1075 sq. /i.^the 



3. The side of a regular hexagon is 14, and the perpen- 
dicular from the centre on one of the sides 13,I3'13556 : re- 
quired the area. 

^ns. 609,3329353 sq.ft. 

4. Required the area of a regular hexagon whose side is 
14 6, and perpendicular from the centre 12,64 feet. 

Ans. 553,633 sq. fi. 

5. Required the area of a heptagon whose side is 19,38 
and perpendicidar 30 feet. 

Ans. 1356,6 sq.ft. 



The following table shows the : 



i of the ten regular 
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polygons when tke side of each is equal to 1 : it also shows 
the length of the radius of the inscribed circle. 



Namhetof 


Nsmes. 


Areaa. 


Radius of inscribed 
citde. 


3 


Triangle, 


0.4330127 


0,2886751 


4 


Square, 


1,0000000 


0,5000000 


5 


Pentagon, 


1,7204774 


0,6681910 


6 


Hexagon, 


2,5980763 


0,8660354 


7 


Heptagon, 


3,6339134 


3,0383617 


8 


Octagon, 


4,8284271 


1,2071068 


9 


Nonagon, 


6,1818242 


1,3737387 


10 


Decagon, 


7,6942088 


1,5388418 


11 


Un dec agon. 


9,3656404 


1.2028437 


12 


Dodecagon, 


11,1961524 


1,8660354 



Now, since the areas of similar polygons are to each other 
as the squares described on their homologous sides (Bk. IV. 
Th. xx), we have 

i ; tabular area : : any side squared ; area. 

Hence, to find the area of a regular polygon, we have the 
following 

I. S^are the side of the polygon. 

II. Multiply the square so found, hj the tabular area set oppo- 
site the polygon of the same numher of sides, and the product 
will be the area, 

1 . What is tlie area of a regular hexagon whose side is 30 1 
30'^=400 and tabular area =2, 5980763. 
Hence, 

2.5980762 X400 — 1039.33048=the area. 
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3. What is iho area of a pentagon whose side is 25 ? 

Ans. 1075,298375. 

■3. What is the area of a heptagon whose side is 30 feet ? 

Ans. 3270,53116. 

4. What is tlie area of an octagon whose side is 10 feet ? 

Ans. 482,84271 sq. ft. 

5. The side of a nonagou is 50 ; -what is its area ? 

Ans. 15454,5605. 

6. The side of an imdccagon is 20 ; what is its area 1 

Ans. 3740,25616. 

7. The side of a dodecagon is 40 ; what is its area ? 

Ans. 17913,84384 

mOBLBM IX. 

To find the area of a long and irregular figure, bounded on 
one side by a straight line. 

I. Divide the right line or base into any mimher ' of equal 
parts, and measure the breadth of the figure ai the points of di- 
vision, and also at the extremities of the base. 

II. Add together the intermediate breadths, and half the sum 
of the extreme ones. 

III. Multiply this sum iy the base line, and divide tho product 
by the number of equal pans of the base. 

EXAMPLES. 

1. The breadths of an irregu- _i_ 

lai figure, at live equidistant "jl h-^^'. ■ ■ 

places, A, B, C, D, and E, be- ;_i^;, j, .J, 
ing 8,30 chains, 7,40 chains, 
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9,20 cliaiiis, 10,20 chains, and 8,60 chains, and the whole 
length 40 chains ; required the area. 
8,30 35,20 

8,60 40 

3)16,80 4)1408,00 

8,40 mean of the extremes, 352,00 square chains. 
7,40 
9,20 
10,3 
35^0 the sum. 

Ans, 35 A. 33 P. 
3. The length of an irregular piece of land being 31 chains 
and the breadths, at six equidistant points, being 4,35 chains, 
5,15 chains, 3,56 chains, 4,12 chains, 5,02 chains, and 6,10 
chains : i-cqnired the area. Ans. 9 A. 2 R. 30' P. 

3. The length of an. irregular figure is 84 yards, and the 
breadths at six equidistant places are 17,4 ; 30,6 ; 14,3 ; 16,5; 
30,1 ; and 34,4 : what is the area ? Ans. 1550,64 sq. yds. 

4. The length of an irregular field is 39 rods, and its 
breadths at five equidistant places, are 4,8 ; 5,3 ; 4,1 ; 7,3 , 
and 7,3 rods ; what is ita area 1 Ans. 220,35 sq. rods. 

5. The length of an irregular field is 50 yards, and ita 
breadths at seven equidistant points, are 5,5 ; 6,3 ; 7,3 ; 6 ; 
7,5 ; 7 ; and 8,8 yards : what is its area ? 

Ans. 342,916 sq. yds. 

6. The length of an irregular figure being 37,6, and the 
breaijths at nine equidistant places, ; 4,4 ; 6,5 ; 7,6 ; 5,4 ; 8 j 
5,3; 6,5; and 6,1 : what is the area ? ^w.319,355. 

PROBLEM X, 

To rind the circumference of a circle when tho diameter is 
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Multiply the diameter ly 3,1416, and the product will be the 



1. What is the circumference (if n 



3,1416x17=53,4073, 
which is the circumferenco. 



We simply multiply the 
number 3,1416 by the diam- 
eter, and the product is the 
circumference, 

3. What is the circuinference of a circle whose diameter is 
40 feet? Ans. 125,664 /(. 

3. What is the circiimferciice of a circle whose diameter la 
13 feet ? Ans. 37,6992 ft. 

4. What is the circumference of a circle whose diameter ia 
33 yardsl Ans. 69,1152 }/ds. 

5. What is the circumference of the earih-^the mean diaja- 
eter being about 7931 miles? Ans. 24884,6136 mi. 

PROIiLEM XI. 

To find the diameter of a circle when the circumference is 

Divide the circumference hy the number 3,1416, and the quo- 
tient mil be the diameter. 



1. The circumference of a circle is 69,1153 yards; what 
s the diameter ? 
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We simply divide tke cir- 
cumference by 3,1416, and 
the quotient 33 is the diam- 
eter sought. 



3,1416)69,1152(23 
62832 
C2332 

62Sa2 



3. What is the diameter of a circle whose circumference 
11652,1944 feet l Ans. 3709. 

3. What is the diameter of a circle whose circumference 
68501 ^M. 3)80,4176. 

4. What is the diameter of a circle whose circumference 
60? Ans. lo,915. 

5. If the circumference of a circle is 25000,8528, wliat 
llie diameter ? Ans. 7958. 

PROBLEM XII. 
To find the length of a circular arc, when the number of 
degrees which it contains, and the radius of tlie circle are 
Itnown, 

Multiply the number of degrees by the decimal ,01745, and 
tJie product arising hy the radius of the circle. 

EXAMPLES. 

1. Wiat is the length of an arc of 30 degrees, in a circle 
whose radius is 9 feet. 

Operation. 
,01745X30X9^4,7115, 



We merely mrdtiply the 
given decimal by the number 
of degrees, and by the radius. 



which is the length of the a 



Remark.— When the arc contains degrees and minutes, re- 
duce the minutes to the decimals of a degi-ee, which is done 
by dividing them by 60. 
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2. What is the length of an arc containing 13° 10' or 
12^,° the cliameter of the ciicle being 20 yards ? 

Alts. 2,1231. 

3, What is the length of an arc of 10° 15' or 101°, in 
circle whose diameter is 68? Ans. 6,0813. 

PROBLEM XIll. 

To find the length of the arc of a ciicle when the chord 
and radius are given. 



I. Find the chord of half tlte arc. 

II. From eight times the chord of half the arc, subtract the 
chord of the whole arc, and divide the remainder hy 3, and the 
quotient vyill be the length of the arc, nearly. 



1. The churd ^5=30 feet, and the 
radius AC— 30 feet; what is the 
length of the arc ADB 1 

First draw CD perpendicular to the 
chord AB : it will bisect the chord at 
P, and the arc of the chord at D, 
Then AP^15 feet. Hence, 

AC^-AP^^CP^: that is, 
400—225—175 and y/TT5z=13;228= CP. 
Then CiJ-CP=:30-13,338=6,772^DP. 




hence, 
Then, 



AD- y^AP^+PD^= ■</225+i5,859' 
AD=16.4578=chord of the half a 
16,4578x8-30 ^^ „„,, , 
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2. What is the length of an arc the chord of which is 24 
feet, and the ladius of the ciicle 20 feet? 

Ans. 25,7309 ft. 

3. The chord of an arc is 16 and the diameter of the circle 
30 : what is the length of the arc ? Ans. 18,5178. 

4. The chord of an arc is 50, and the chord of half the 
arc is 27 : w\iat is the length of the arc ? Ans. 55j. 

PROBLEM XIV. 

To find the area of a circle when the diameter and circum- 
ference are both luiown. 

Multiply the circumference by half the radius and tlie product 
will he the area (Bk. IV. Th, xxvii). 



1. What is the area of a circle whose diameter is 10, and 
circumference 31,416? 

If the diameter be 10, the 
radius is 5, and half the ra- Operation. 

dius is 2\: hence, the cir- 31,416 x2i=78,54; 

cumference multiplied by 2^ which is the area, 
gives the area. 

2. Find tiie area of a circle whose diameter is 7; and cir- 
umference 21,9912 yards. Ans. 38,4846 yds. 

3. How many square yards in a circle whose diameter is 
3^ feet, and circumference 10,9956. Ans. 1,060016. 

4. What is the area of a circle whose diameler is 100, and 
circumference 314,16? Ans. 7854, 
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5. What is tlie area of a circle whose diameter is I, and 
circumference 3,1416. Ans. 0,7854. 

6. What is the area of a circle whose diameter is 40, and 
circumference 131,94721 Ans. 1319,473. 

PROBLEM XV. 

To find the area of a circle when the diameter only is 

Square the diameter, and then multiply hy the decimal ,7854. 

What is the area of a circle whose diameter is 6 ? 

We square the dianietor, 
which gives us 35, and we 
tht*n muhiply this number 
and the decimal ,7854 to- 
gether. 



Operation, 

,7854 

5^- 25 

39270 

15708 

ea=19,635o 



3. What is the area of a circle whose diameter is 7 ? 

Ans. 38,4846. 

3. What is the area of a circle whose diameter is 4,5 ' 

Ans. 15,90435. 

4. What is the number of square yards in a circle whose 
diameter is 1^ yards ? Ans. 1,069016. 

5. What is the area of a circle whose diameter is 8,75 
feetl Ans. 60,1322 sq. ft. 

PROBLEM XVI. 
To find the area of a circle when the circumference onlv 
is known. 

16* 
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RULE. 




Multiply the square of the circumfeTe 


ice hy the dechiud ,07958, 


and the product will be the 


arm very nearly. 


EXAMPLES. 




1. What is tie area of a oii-cle 


whose circumfuroEce ia 


3,1416? 




We first square the cir- 
cumference, and then multi- 


Opcr<.t>on. 
S.Uie'^ 9,86965056 


ply by the decimal ,07958. 




area =,7854+ 



2. What ia the area of a circle whose circuiufereace is 91 1 

Ans. 659,00198. 

3. Suppose a wlieol turns twice in tracldng 16^ feet, and 
that it turns just 300 times in going round a circular bowling- 
green : what is the area in acres, roods, and perches ? 

Ans. iA.aR. 35,8 P. 



4. How many square feet are there i 
cumference is 10,9956 yards 1 

5. How many perches are there ii 
ference is 7 miles ? 



:ivcle 






I circle whose circum. 
Ans. 399300,608. 



PROBLEM XVI i. 

Having given a circle, to find a, square which shall have an 



I. The diameter X,S8GZ:= side of an equivalent square. 
n. The circumference X ,2821 —side of an equivalent sq 
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1, The diameter of a circle is 100 ; what is the side of a 
square of eqwal area? Ans. 86,63. 

3. The diameter of a circular fishpond is 20 feet, what 
would be the side of a square fishpond of an equal area ! 

Ans. 17,734 /(. 

3. A man has a circular meadow of which the diameter is 
875 yards, and wishes to exchange it for a square one of equal 
size : what musl: be the side of the square ? 

Ans. 775,425. 

4. The ch-cumference of a circle is 200 : what is the side 
of a square of an equal area ? Ans. 56,43. 

5. The circumference of a round fishpond is 400 yards ; 
what is the side of a squave pond of equal area 1 

Ans. 112,84. 

6. The circumference of a circular howling-green is 412 
yards ; what is the side of a square one of equal area ? 

Ans. 116,2253 yis. 

7. The circumference of a circular walk is 625 : what is 
the side of a square containing the same area? 

Ans. 176,3135. 

PROBLEM XVIII. 

Having given the diameter or circumference of a circle, to 
find the side of the inscribed square. 

I. The diameter X ,7071 ^side of the inscrihcd square. 

TI. The circTW^erenceX ,2251=^ side of t?ie inscribed square 
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I. The diameter ^B of a circle 
is 400 : what is the value of AC, 
the side of the inscribed square! 

Here, 
,7071 x400=282,8400:=^C. 



2. The diameter of a circle is 412 feet: what is the side 
of the inscribed square ? Ans. 291,3252 ft. 

3. If the diameter of a circle be 600 what is the side of 
the inscribed square? Atis. 424,26. 

4. The circuHiferenoe of a circle is 312 feet: what is the 
side of the inscribed square 1 Ans. 70,3312 /(. 

5. The circumference of a circle is 81 9 yards ; what is the 
Bide of the inscribed square 1 Ans. 184,35fi9 j/ds. 

6. The circumference of a circle is 715 : what is the side 
of the inscribed square ? Ans. 160,9465. 

7. The circumference of a circular walk is 625 : what is 
the aide of an inscribed square ? Ans. 140,6875. 

PROBLEM XIX. 
To lind the area of a circular sector. 

I. Find the length of the arc hy Problem Til. 

II. Multiply the arc hy one half the radius, and the product 
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1. What is the area of the circular 
sector ACB, the arc AB containing 
]8°, and tlie radius CA being equal to 
3 feet. 

First, ,01745 X 18 x 3=,94230=leiigth AB. 
Then, ,94330 x l^=rl,41345^area. 

3. What is the area of a sector of a circle in wMch the ra- 
dius ia SO and the arc one of 33 degrees ? 

Ans. 76,7800. 

3. Required the area of a sector whose radius is 25 and 
the arc of 147° 29'. Ans. 804,3448. 

4. Required the area of a semicircle in which the radius is 
13. ^!ij. 365,4143. 

5. What is the area of a circular sector when the length of 
tlie arc is 550 feet and the radius 325? 

Ans. 105635 sq. ft 

PROBLEM XK. 

To find the area of a segment of a circle. 

I. Find the area of the sector having the same arc with the 
segment, hy the last Problem,. 

II. Find the area of the triangle formed by the chord of the 
segment and the ttno radii through its extremities. 

III. If the segment is greater than the semicircle, add the two 
etreas together; Imt if it is less, subtract them, and the result in 
either case, lui^ be the area required. 
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I. What is tlie area of the seg- 
rauiit ADB, the chord AB=24: 
foet and 0^=20 feet. 

First, CP^-^CA^—IP 



= yToO — 144 = 16 
Then, 
PD==CD~CP=20-ie=ri. 




And, AZ)=-v/aP*+P-D^=-\/T44+ 16^13,64911 
13,64911 xS-24_„,,,„„ 






aADB= 



Arc ADB=:2b,730Q 

half radius = 10 

area sector ADBC=257,3090 
area CAB — 192 



4P— 12 
a C^B=192 



65,309=area of segment ADB 



2. Find the area of the segment 
AFB, knowing the following lines, 
vizL ^5=30,5; fP^17,17; AF 
=20; FCf=ll,5; and 0^ = 11,64, 



and sector AGFBC=24 x 11,64=279,36 : 
hut CP=FP-^C=17,17-11,64=5,53: 

ABxCP 20,5X5,53 ^^ ^ 




Then, area ^CS^- 
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Then, area of sector AFBC=279,36 

do. of triangle ABC— 56,6825 
gives area of segment AFB^ 335,Q425 

3 What is the area of a segmenf; the radius of the circle 
being 10, and the chord of the arc 13 yards 1 

Ans. 16,324 sq.yds. 

4. Required tlie area of the segment of a circle whose 
chord is 10, and the diameter of the circle 20. 

Ans. 44,5903. 

5. What is the area of a segment whose arc is a quadrant, 
the diameter of the circle being 18 ? Ans. 63,0174. 

6. The diameter of a circle is 100, and the chord of the 

segment 60 ; what ia the area of the segmeiit? 

Ans. 403, nearly 



PROBLEM XXI. 

To find the area of an el 



Multiply the two axes together, and their product by tlte decimal 
,7854, and the result will be the required area. 



1. Required the area of an eUipse, 
whose transverse axis AB = 70 feet, 
and the conjugate axis Z'£=50 feet. 

AB X DE— 70x50— 3500 : 
Then, ,7854 X 3500:^ 3748,9 ^^ar 

3, Required the area of an ellipse who; 




; axes are 24 and 
Ans. 339,2928. 
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3. What ia the area of an ellipse wiiose axes aie 80 and 
60 1. Ans. 3769,93. 

4. What is the area of an ellipse whose axoa are 50 and 
451 Ans. I767,Z5. 

PROBLliM XXII. 
To finil the area of a circular ring : that ia, the area in- 
cluded between the circumferences of two circles, having a 
common centre. 

RULE. 

I. Square the diameter of each ring, and subtract the square 
of the hssfiom that of the greater. 

II. Multiply the difference of the squares by the decimal 
,7854, and the product will be the area. 




1. In the concentric circles 
having the common centre C, we 

^B=IOyda., andZ»E — Gyards: 
what is the area of the space in- 
cluded between them ? 



D E'= ^= 36 
Difference =64 
Then, 63 x ,7854 ^50,3656= area. 

2. What is the area of the ring when the diameters of the 
circle are 20 and 10 ? Ans. 235,62. 
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3. If ilie diameters are 20 antl 15, what will be ilic area in- 
cliided between the circumferences ? Ans. 137,445, 

4. If ttie diameters are 16 and 10, what will be the area in- 
cluded between the circumferences T Aits, 122,5224. 

5. Two. diameters are 21,75 and 9,5; required the area of 
the circiilar ring. Ans. 300,6609. 

6. If the two diameters are 4 and G, what is the area of the 
ring? Ans. 15,708. 



The mensuration of solids is divided into two parts. 
1st, The mensuralion of the surfaces of solids : and 
2d, The mensuration of their solidities. 
We have already seen that the unit of measure for plane 
surfaces, is a si^uare whose side is the unit of length (Bk. IV. 
Def. 7). 

2. A curve line which is expressed by numbers is also re- 
fened to an unit of length, and its numerical value is the num- 
ber of times which the line contains the unit. 

If then, we suppose the linear imit to be redtLced to a 
straight line, and a square constructed on this line, tnis square 
will he the unit of measure for curved surfaces. 

3. The unit of solidity is a cube, whose edge is the nnit in 
which the linear dimensions of the solid are expressed ; ajid 

17 
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Me 



of S( 



lias. 



a face of this cube is tlie superficial unit in which the s 
JO of the Bohd is estimated (Bk. VI. Th. xiil. Sch). 
4, The following is a table of solid measure. 

1 cubic foot ^1738 cubic inches. 

1 cubic yard =27 cubic feet. 

1 cubic rod =:4492j cubic feet. 

1 ale gallon =383 cubic inches. 

1 wine gallon=;231 cubic inches. 



1 bushei 



=2150,43 cubic inches. 



PROBLEM I. 

To find tlie surface of a right p 



Multiply the perimeter of the base by the altitude and th£ pro- 
duct will be the convex surface : and to this add the area of the 
bases, when the entire surface is required (Bk. VI. Th. i). 



1. Find the entire surface of the 
regular piism whose base is the reg- 
ular polygon ABCDE and altitude 
A F, when each side of the base is 
30 feet and the altitude AF, 50 feet. 



jiB+BC+CD+DE-] .E^ = IOO; m3.AFL^50: then 
{AB-irBC+CD+DE+i:A)xAF=convess<uf-^e 



dhy Google 



OF G E 0"M E T R Y. 195 

MenBuratioii of Solids- ^__ 

which becomes, 100x50=5000 aquaie feet; which is the 
convex surface. For the area of the end, we have 
Aii^ X tabular nurober^area ABODE, 
Eha^ is, 20* X tabular immber, or 400x1,720477=688,1908= 
the area ABCDE. 

Then, convex surface = 5000 square feet, 

lower base 688,1908 square feet. 

Tipper base 688,1908 square feet. 

Entire surface 6376,3816 

2. What is the surface of a cube, the length of each side 
being 30 feet ? Ans. 2400 sq. ft. 

3. Find the entire surface of a triangular prism, whose base 
is an equilateral triangle, having each of its sides equal to 18 
inches, and altitude 20 feet. Ans. 91,949 sq. ft. 

4. What is the convex surface of a regular octagonal prism, 
the side of whose base is 15 and altitude 12 feet? 

Ans. 1440 sg. ft. 
6. What must be paid for lining a rectangular cistern with 
lead at 2d a pound, the thickness of the lead being such as to 
require 7lb. for each square foot of surface ; the inner dimen- 
lions of the cistern being as follows ; viz. the length 3 feet 3 
inches, the breadth 2 feet 8 inches, and the depth 2 feet 6 
inches? Ans. £2 3s. lOfd 

PROBLEM II. 

To find the solidity of a prism. 

Multiply the area of the base hy the perpendicular height, ana 
the product wM be the st^i^gity. 



.dhy Google 



APPLICATIONS 



1. What ia the eoUdity of a reg- 
ular pentagonal prism whose altitude 
is 30, and each aide of the base 15 
feet? 

To find the area of the base we 
have by Problem VIII. page 178. 




15'=22d: aad 225x 1,730177'1 = 387,107415:^ 
,rea of the base ; hence, 

387,107415 x20;^7742,1483 = Bolidity. 



2. What is the solid contents of : 
inches 1 



cube whose side is 
Ans. 12824 solid i} 



3. How many cubic feet in a block of marble, of which the 
length is 3 feet 2 inches, breadth 2 feet 8 inches, and height 
or thickness 2 feet 6 inches ? Ans. 21j solid ft. 

4. How many gallons of water, ale measure, will a cistern 
contain whose dimensions are the same as in the last ex- 
ample! Ans. 129^ 

5. Required the solidity of a triangular prism whose alti- 
tude is 10 feet, and the three sides of its triangular base 3, 4, 
and 5 feet. Ans. 60 soUd fi. 

6. "What is the solidity of a squa.re prism whose height is 
5-' feet, and each side of the base 1^ fool. ? 

Ans. yj suHd ft. 
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7. What is the solidity of a prism whoso base is an equi- 
lateral triangle, each side of which is 4 feet, the height of the 
prism being 10 feet? Ans. 69,283 solid ft. 

8. What is the number of cobic or solid feet in a regular 
pentagonal prism of which the altitude is 15 feet and each 
side of the base 3,75 feet? Ans. 3fi3,913. . 

PKOULEM III, 

To find the surface of a regular pyramid. 



Multiply the perimeter of Che base by half the slant heigh 
and the product viill be the convex surface : to this add the are' 
of the base, if the entire surface is required (Bk. VI. Th. vil. 



1. In the regular pentagonal pyramid 
S—ABCDE, the slant height SF is 
equal to 45, and each side of the base 
is 15 feet : required the convex sur- 
face, and also the entire surface. 

15x5— 75;^perimeter of the base, 
75x334-^1687,5 square feet=:area of 

convex surface. 



And 15 =325: then225x l,7204774=387,107415^thearea 

of the base. 

Hence, convex surface =:llii87,5 

area of the base= 387,107415 
Entire surface =^2074,607415 square feet. 
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2. What is the convex surface of a regular triangidar pyra- 
mid, the slant height being 20 feet, and each side of the base 
3 feet ? Ans. 90 sq. ft. 

3. What is the entire sm-face of a regular pyramid whose 
slant height is 15 feet, and the base a regular pentagon, of 
which each side is 25 feet? Ans. 3012,798 sq. ft. 

PllOBLEM IV. 

To find the convex surface of the fnistnm of a regular 
pyidinid 

Multiply half the sum of the perimeters of the two hases by 
the slant height of the frustum, and the product leiU be the coji- 
i-r6ur/'o,,'(Bk VI. Tk vii). 

EXAMPLES. 

1. In the frustum of the regular pen- 
tagonal pyramid each side of the lower 
base is 30, and each side of the upper 
base is 20 feet, and the slant height 
fF is equal to 15 feet. What is the 
convex surface of the frustum ? 

Ans. 1875 sq. ft. 

2. How many square feet are there in the coflvex surface 
of the frustum of a square pyramid, whose slant height is 10 
feet, each side of the lower base 3 feet 4 inches, and each 
side of the upper base 3 feet 3 inches 1 Ans. 110. 

3. What is the convex surface of the frustum of a heptago- 
nal pyramid whose slant height is 55 feet, each side of the 
lower base 8 feet, and each side of the upper base 4 feet '? 

An.1. 2310 sq. ft. 
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To find tlie solidily of a pyramid. 



MfiUiphj Ike area of the base hij the altitude and divide the pro- 
duct bij '6, the quotient will be the soUdily [Bk. VI. Tli. xvii) 



1 "What is the solidity of a pyramid 
the area of whose base is 215 square 
feet and the altitude iSO=45 feet? 

First, 215x45 = 9675: 

then, 9675- 3^3225 
which is the solidity expressed in solid 




2. Required the solidity of a sqimi 
ts base being 30 and its altitude 25. 



pyramid, each side of 
Ans. 7500 solid ft. 



3, How many solid yards ar 
s'hose altitude is 90 feet, and e 



iitere in a triangular pyramid 
ich side of its btise 3 yards ? 
Ans. 38,97117. 

4. How many solid feet in a Iriangidar pyramid the altitude 
of which is 14 feel G inches, and the three sides of its base 5, 
6 and 7 feet? Ans. 71,0352. 

5. What is the solidity of a regular pentagonal pyramid, its 
altitude being 12 feet, and each side of its base 2 feet? 

Ans. 37,5276 solid ft. 
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6. How many solid feet in a. reguliir liexagovial pyramid, 
whose altitude is 6,4 feet, and each side of the base 6 inches ! 

Ans. 1,38564. 

7. How many solid feet are contained in a hexagonal pyra- 
mid tlie height of which is 45 feet, and each side of llie base 
10 feel? Ans. 3897,1143. 

8. The spire of a church is an octagonal pyramid, each side 
of the base being 5 feet 10 inches, and its perpendicular 
height 45 feet. Within is a cavity, or hollow part, each side 
of the base being 4 feet 11 inches, and its perpendicular 
height 41 feet: how many yards of stone does the spire 
contain? Ans. 32,197353 

PROELEM VI. 

To find the solidity of the frustum of a pyramid. 



Add together the areas of the two hoses of the frustum and 
a geometrical mean proportional between them ; and then multi- 
ply the sum by the altitude, and take onc-tkird t/ie product for 
tJie solidity. 

EXAMPLES. 



1. What is the solidity of the frus- 
tum of a pentagonal pyramid the area 
of the lower base being 16 and of the 
upper base 9 square feet, the altitude 
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First, 16x9^144: then, ^1^= 13. t^e mean. 

T'hen, area ol' lower base =16 

area of upper base = 9 

mean of bases ^^12 

""37 

heiglit 7 

3) 2m 

solidity — ^S-J- solid Ji. 

2. What is the number of solid feet in a pieco of limber 
whose bases are squares, each side of the lower base being 
15 inches, and each side of the iipper base being 6 inches, 
the length being 24 feet ? Ans. 19,5. 

3. Required the solidity of a regular pentagonal frustum, 
whose altitude ia 5 feet, each side of the lower base 18 
inches, and each side of the upper base 6 inches. 

Ans. 9,31925 soiid ft. 

4. What is the contents of a regular hexagonal frustum, 
whose height is 6 feet, the side of the greater end 18 inches, 
and of the less end 12 inches ? Ans. 34,681 734 cubic ft. 

6. How many cubic feet in a square piece of timber, the 
areas of the two ends bebg 504 and 372 inches, and its 
length 3U feet? Arts. 95,447. 

6, What is the solidity of a squared piece of timber, its 
length being 18 feet, each side of the greater base 18 inches 
and each aide of the smaller 12 inches ? 

Ans. 28,5 cubic Ji. 

7. What is the solidity of ihe fruatum of a regular hexago- 
nal pyramid, the side of the greater end being 3 feet, that of 
the less 2 feet, and the height 12 feet? 

Ans. 197,453776 solid fi. 
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MEASDRES OF THE THREE ROUKB BODIES. 



mouLEM I. 

To find the surface of a cylinder. 



Multiply the circumfeTence of the base hy the altitude, and the 
product will he the convex surface ; arid la this, add the areas of 
the two bases, when- the entire surface is required (Bk. VI. Tli, ii). 



I. What is the eatjre surface of the 
cylinder in which AB, the diameter of 
the base, is 12 feet, and the altitude EF 
30 feet? 

First, to find the circnmforence of the 
base; (Prob. X. page 180) : we have 
3,1416 X lS^37,6992^cixcumference of Ji 
the base. 

Then, 37,6992x30=I130,9760^conTex surface. 
Also, 13^^144; and 144x,7854=:113,097e = 




Then, 



convex surface =1130,9760 
lower base 113,0976 

upper base 113,0976 



2. "What is the convex snrface of a cyHnder, the diameter 
if whose base is 20, and the altitude 50 feet ? 

Ans. 3141,6 sq. ft. 
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3. Required the entire surface of a cylinder, whose allitude 
IS 20 feet, and the diameter of the base 2 feet. 

Ans. 131,9472 fi. 

4. "What is the convex surface of a cylinder, the diameter 
of whose base is 30 inches, and altitude 5 feet ? 

Ans. 5654,88 sq. in. 

5. Required the convex surface of a cylinder, whose alti- 
tude is 14 feet, and the circumference of the base 8 feet 4 
inches. Ans. 116,6606, &.C., sq. ft. 

PROBLEM II. 

To find the solidity of a cylinder. 



Multiply the area of the base by the altitude, and the produc 
will be the solidity. 



1. What is the solidity of a c} 
the diameter of whose base is 4 
and altitude EF, 25 feet ? 

First, to find the area of ilie ba 
have (Prob, xv, page 185), 

40^^=1600: then, 1600x,7854^ Cfi4 

i^area of the base. 

Then^ 1256,64x25=31416 solid h e o 

2. What is the solidity of a cylinder, the diameter of whos 
base is 30 feel, and altitude 50 feet ? 

Ans. 3.^343 cubic ft. 
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3. What 13 the solidity of a cylinder whose height is 5 feet, 
and the diameter of the end 2 feet? Ans. 15,708 solid ft 

4. What is the solidity of a cylinder whose height is 20 
feet, and the circumference of the base 20 feet ? 

Ans. 636,64 cubic ft. 

5. I'he circumference of the base of a cylinder is 20 feet, 
and the altitude 19,318 feet: what is the solidity? 

Ans. 614,93 cubic Ji. 

6. What is the solidity of a cylinder whose altitude is 12 
feet, and the diameter of its base 15 feet? 

Ans. 2120,58 cuhicfi. 

7. Required the solidity of a. cyhnder whose altitude is 20 
feet, and the circumference of whose base is 5 feet 6 inches ? 

Ans. 48,1459 cubic Ji. 

8. What is the solidity of a cylinder, the circumference of 
whose base is 38 feet, and altitude 25 feet 1 

Ans. 2872,838 czibicji. 

9. What is the solidity of a cylinder, the circmnference of 
whose base is 40 feet, and altitude 30 feet? 

10. The diameter of the base of a cylinder is 84 yards, and 
the ahitude 21 feet : how many solid or cubic yards does it 
contain ? Ans. 38792,4768. 

PROBLEM III. 

To find the surface of a cone. 

RULE. 

Multiply the circumference of the base by the slant height, and 
divide the product by 2 ; the quotient will be the convex surface, 
to which add the area of the base, when, the entire sJirfoce is 
re^irid (Bk. VI. Th. viii). 
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1 . What is the convex surface of the 
cone whose vertex is C, the diamttei 
AD, of its base being 8^ feet, and the 
side CA, 50 feet. 



First, 3,1416x8|=26,7036=circumfetence of base. 
26,7036 X 50 




Then 



667,59=conves surface. 

whose side is 3 



2. Required the entire surface of a 
and the diameter of its base 18 feet. 

Alts. 11273,348 sq. ft. 

3. Tiie diameter of the base is 3 feet, and the slant height 
15 feet : what is tlie convex surface of tlie cone 1 

Ans. 70,686 sq. ft. 

4. The diameter of the base of s. cone is 4,5 feet, and the 
slant heigiit 20 feet ; what is the entire surface ? 

Ans. 157,27635 sq. ft. 

5. The circumference of the base of a cone is 10,75, and 
the slant height is 18,35 : what is the entire surface? 

Ans. 107,29021 sq. fi. 



To find the solidity of a 



Multiply the area of the base by the altitude; and divide the pra- 
duct by 3, the quotient will be the solidity (Bk. VI. Th. xviii). 
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1. What is the soiidil}' of a cone, the 
iTca of whose base is 380 square feet, 
uid altitude 013, 48 feet 1 




We simply multiply the 
area of flie base by tlio alti- 
tude, and then divide the pro- 
din.' t by 3. 



Operatio: 



3040 

1520 

3)18240 

.-ea— GOSO 



S. Required the solidity of a cone whose alfitude is S7 
feet, and the diameter of the base 10 feet. 

Ans. 706,86 cubic ft. 

3. Required the solidity of a cone whose altitude is tO| 
feet, and the circumference of its base 9 feet ? 

Ans. 33,5609 cubic Ji. 

4. What is the solidity of a cone, the diameter of whose 
base is 18 inches, and altitude 15 feet ? 

Ans. 8,83575 culjic ft. 

5. The circumference of the base of a cone is 40 feet, and 
the altitude 50 feet: what is the solidity? 

Ar.s. 2133,1333 W;i/(. 
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PROBLEM V. 
To find the surface of tlie Irustum of a coue. 

Add together the circumferences of t!te two bases; and multi- 
ply the sum by half the slant height of the frusiumi tJie product 
will be the convex surface, to which add the areas of the bases, 
when the entire surface is required (DIt VI Th ix) 



1. What is the coiiig\ '.mf-ice of the 
frustum of a cone, of »l!:i.li tlip slant 
heiglit is 125 foot, and the cucumfe 
rencos of the bases 8,4 and 6 feet 




Operatic 
We merely take the sum 
of the circumferences of the 
bases, and multiply hy half 
•^e slant height, or side, — - ■ 

2. "What is the entire siffface of the frustum of a cone, the 
side being 16 feet, and the radii of the bases 3 and 3 feet ? 

Ans. 292,1688 sg. fi. 

3. What is the convex surface of the frustum of a cone, 
the circumference of the greater base being 30 feet, and of 
the less 1 feet ; the slant height being 20 feet ? 

Ans. 400 sg. ft. 

4. Keqiiired the entire snrface of the fnistiini of a cone 
whose slant height is 20 feet, and the diameters of the bases 
8 and 4 feet Ans. 439,824 sq. ft 
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Mciiaui-ation of tbs Round liotlic 
PROBLEM VI. 

To find the solidity of the frustum of a co 

I. Add together tlie areas of thu tico ends and a 
mean between them. 

II. MuUiply this sum hy one-tliird of the aitit, 
product will he the solidity. 

EXAMPLES. 

1. How many cubic feet in tlie frus- 
tum of a coae whose altitude is 26 feet, 
and the diameters of lio bases 23 and 
18 feet? 

Fiist, 3a^x,7854=;3S0,134^ai-ea of 
lower base ; 
and i8*X,7854z^:JSl,17=area of upper base. 






Then, -v/380,134x254,47=3n,018=meati. 
Then, (380,134+254,47+311,0] 8) x^ ^8195,39 which 
is the solidity. 

3. How many cubic feet in a piece of round timber the di- 
ameter of the greater end being 1 8 inches, and that of the less 
9 incbes, and the length 14,25 feet? Ans. 14,68943. 

3. Wliat is the solidily of a frustum, the altitude being 18, 
he diameter of the lower base 8, and of the upper 4 ? 

Ans. 527,7888. 

4. If y. cask, wliiih. is composed of two equa.1 conic frus- 
tums joined together at their larger bases, have its bung di- 
ameter 28 inches, the head diameter 20 inches, and the length 
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40 inches, how many gallons of wine will it contain, there 
being 231 cubic inches in a gallon? Ans. 79,0013. 



To find the suifaco of a splie 



Multiply the circumference of a great circle by the diameter, and 
the product will be the surface (Bk. VI. Th. xxiii). 




1. What is the surface of the a] 1 
whose centre is C, the diamete le "■ 

Ans. 153,9384 ? / 

2. What is the surface of a j 1 e e hose \ a eter s "^ t ' 

Ans 1809 5010 

3. Required the surface of a sphere whose diameter is 
7921 miles. Am. 197111034 sq.miles. 

4. Wltat is the surface of a sphere the circumference of 
whose great circle is 78,54? Ans. 1963,5. 

5. What is the surface of a sphere whose diameter is Ij- 
feel ? Ans. 5,5S506 sq. ft. 

PROBLEM VIII. 

To find the convex surface of a spherical zone. 

Multiply the lidght of the zone hy the circumference of a great 
circle of tJte sphere, and the product mil he the convex surface 
(Bk. Vi. Th. xxiv). 
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1. What is the convex surface o 
the zone ABD, the height BE being 
9 inches, and the diameter of tic ■ r I III I 

sphere ■IS inches ? 



.*c 



First, 42X3,1416^131,9473- t 

height = 9 

surface =1187,5248 square inches. 

2. The diameter of a sphere is 12i feet : what will be 
the surface of a zone whose altitude is 2 feet ? 

Ans. 78,54 sq. ft. 

3. The diameter of a sphere is 21 inches : what is the sur- 
face of a zone whose height is 4^ inches ? 

Ans. 296,8813 sq. in. 

4. I'lie diameter of a sphere is 25 feet and the height ol 
the zone 4 feet : what is the surface of the zone ? 

Ans. 314,16 sq. ft. 

5. The diameter of a sphere is 9, and the height of a zone 
3 feet : what is the surface of the zone ? 

Ans. 84,3333. 

PROELEM IX. 

To find the solidity of a sphere. 



Multiply the surface by one-third of the radius and the product 
wiU be the solidity (Bk. VI. Th. xxv)- 
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1. What is the solidity of a sphere - ^ 

whose diameter is 12 feet ? ' ^ 

First, 3,1416 x 13^37,6993= ' 
circumference of sphere. ! J 

diameter =^ 12 

surface ^452,3904 , 

one-third radius =: 2 ~'~' 

Solidity =904,7806 cubic feet. 

3. The diameter of a sphere is 7957,8; what is its solidity? 
Aas. 263863122758,4778. 

3. The diameter of a sphere is 24 yards: what is its solid 
contonts ? Ans. 7238,2464 cubic yds. 

4. Tho diameter of a sphere is 8 : what is its solidity? 

Ans. 268,0832. 

5. The diameter of a sphere is 16 : what is its solidity ? 

A71S. 3144,6656. 



Cuhe the diameter and multiply the number tJius found, hy the 
decimal ,6236, and the product will be the solidity. 



1. What is the solidity of a sphere whose diameter is 20 ? 

Ans. 4188,8. 

2. What is the solidity of a sphere whose diameter is 6 ? 

Ans. 113,0976. 

3. What is the solidil.y of a sphere whose diameter is 10! 

Ans. 533,6. 
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To find the solidity of a spherical segm 



I . To three times the square of the radius of the base, add the 
square of the height. 

II. Multiply this sum by the height, and the product hy the 
decimal ,5336, the result will be the solidity of the . 




i , "Wliat is the soliditj ot tl e e 
ment ABD, the height bE 1 „ 4 
feet, and (he diameter iD uf 1 
base being 14 feet 1 

First, 

7^X3 + 4^=147 + Ib~lti3 

Then, 163 X 4 X, 5236=341,3872 solid feet, which is the 
solidity of the segment. 

2. "What la the solidity of the segment of a sphere whose 
height is 4, and the radius of its base 8 1 Ans. 435,6353. 

3. What is the solidity of a spherical segment, the diam- 
eter of its base being 17,23368, and its height 4,5 1 

Ans. 572,5566. 

4. What is the solidity of a spherical segment, the diam- 
eter of the sphere being 8, and the height of the segment 3 
feet? Ans. 41,888 cubic ft. 

5. What is the solidity of a segment, when tlie diampter 
of the sphere is 20, and the altitude of the s^'ginent 9 feel ' 

Ans 1781,2872 mibic li. 
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a solid described by the revolution of s 
ellipse about either of its axes 

If an ellipse ACBD, be re- 
volved about the transverse or 
longer axis AB, the solid de- -^B 
scribed is called a prolate 
spheroid : and if it be revolved 
about the shorter axis CD, the ^ohd descubed is called an 
ohlate spheroid. 

The earth is an oblate spheroid, the axis about which it 
revolves being about 34 miles shorter than the diameter per- 
pendiculai' to it. 

PEODLEM XI. 

To find the solidity of an ellipsoid. 



Multiply the fixed axis hy the square of the revolving ax-i 
and the product by the decimal ,6336, the result will is the » 
quired solidity. 

1. In the prolate sphniid 
ACBD, the transvei'.e a\is 
.ilB=90, and the revolving ^fi 
axis 00=70 feet: wliit is 
the solidity? 

Here, .iB=90 feet: aD^=70^=4Q0O hencp 
^iJxCliV,5236=^90x4900x,5236=:330907,6 cubic feet, 
wliioh is the solidity. 
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